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Abstract 
This thesis presents new boundary element formulations for solution of bending problems 
in plates and shells. Also presented are the dual boundary element formulations for analysis 
of crack problems in plates and shells. 
Reissner plate theory is adopted to represent the bending and shear, and two dimensional 
(2-D) plane stress is used to model the membrane behaviour of the plate. New set of boundary 
element formulations to solve bending problems of shear deformable shallow shells having 
quadratic mid-surface is derived based on the modified Reissner plate and two dimensional 
plane stress governing equations which are now coupled due to the curvature of the shell. 
Dual Boundary Element Methods (DBEM) for plates and shells are developed for fracture 
mechanics analysis of structures loaded in combine bending and tension. Five stress intensity 
factors, that is, two for membrane and three for bending and shear are computed. The J- 
Integral technique and Crack Surface Displacements Extrapolation (CSDE) technique are 
used to compute the stress intensity factors. Special shape functions for crack tip elements 
are implemented to represent mom accurately displacement fields close to the crack tip. 
Crack growth processes are simulated with an incremental crack extension analysis. Dur- 
ing the simulation, crack growth direction is determined using the maximum principal stress 
criterion. The crack extension is modelled by adding new boundary elements to the previous 
crack boundaries. As a consequence remeshing of existing boundaries is not required, and 
using this method the simulation can be effectively performed. 
Finally, a multi-region boundary element formulation is presented for modelling assem- 
bled plate-structures. The formulation enforces the compatibility of translations and rotations 
as well as equilibrium of membrane, bending and shear tractions. 
Examples are presented for plate and shell structures with different geometry, loading and 
boundar-y conditions to demonstrate the accuracy of the proposed formulations. The results 
obtained are shown to be in good agreement with analytical and other numerical results. 
Also presented are crack growth simulations of flat and curved panels loaded in combine 
bending and tension. The DBEM results are in good agreement with existing numerical and 
experimental results. Assembled plate-structure and a non-shallow shell bending problems 
are also analysed using a multi-region formulation developed in this thesis. 
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There are many aspects that have to be considered during the design stage of aircraft 
structures. During flight, all parts should be able to sustain loads which may be 
caused by air pressure and inertia forces, or ground reactions during landing. The 
structure must be able to endure extreme weather conditions, such as hailstorm 
and lightning strikes, and also must operate in corrosive environments. The aircraft 
has to be serviceable for around 15-20 years with minimum maintenance and light 
enough to be economically competitive. As a consequence, relatively high stresses 
will occur on the structure during service and components life times become limited. 
On the other hand, cracks can be present in all structures either as a result 
of material and manufacturing defects or localized damage during service. These 
cracks may grow by processes such as fatigue, stress- corrosion or creep. The growth 
of cracks will decrease the static structural strength. Thus, when the service load- 
ing cannot be sustained by the current residual static strength, fracture will occur 
leading to the failure of the structure, as shown schematically in Figure 1-1. 
In order to deal with the decrease in the structural strength, several design 0 
philosophies have been developed for aircraft structures, namely: safe-life, fail-safe 
and damage tolerance. The essence of safe-life design philosophy is that fatigue 
failure should not occur during the expected life of components. Safe-life concept is 
usually used if the crack cannot be detected before it reaches a critical size, therefore 
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Figure 1-1: (a) Crack growth curve (b) Residual strength curve. 
safe-life components must remain crack free during service life. Landing gear is an 
example of the safe-life component. 
The fail-safe philosophy is based on the concept that the failure or obvious partial 
failure of a single principal structural element should not cause the loss of the aircraft 
during flight. Based on this concept, the components are designed using statically 
indeterminate and/or multiple element structure, to provide multiple load paths. 
Wing-fuselage attachment is an example of aircraft component which is designed 
using the fail-safe concept. 
Another comprehensive design philosophy known as damage tolerance has been 
developed over the last 30 years. The structure is damage tolerant if it can sustain 
cracks safely until it is repaired or replaced, or if its economic service life has expired. 
This concept is usually applied to components in which cracks can be detected before 
reaching a critical size. Therefore damage tolerance analysis is required to provide 
information about: 
* the effect of cracks on the residual strength of the structure, to evaluate the 
maximum permissible crack length; 




Figure 1-2: Fatigue failure of Boeing 737-200 Aloha Airlines fuselage structure, 28"' 
April 1988 [1]. 
safe crack growth life, i. e. the time that will be necessary for a crack to grow 
starting from its detectable size until it reaches its critical length. 
Driven by economic pressures, today's commercial transport aircraft are remain- 
ing in service longer than their original design life. As consequence of that, to ensure 
the safety, problems related to aging aircraft have emerged as important research 
topics. Much of the work on this particular subject was initiated by Boeing 737-200 
Alolia Airlines accident on 28th April, 1988 near 1\, Iaui, Hawaii. The airplane expe- 
rienced an explosive decompression and structural failure at 24,000 feet. About IS 
feet of the upper part of the fuselage was separated from the airplane during flight, 
as shown in Figure 1-2. The U. S. National Transportation Safety Board stated in 
its report that "The failure mechanism was a result of multiple site fatigue cracking 
of the skin adjacent to nvet holes along the lap Joint upper ri'vet row and tear strap 
disbond which negated the fail-safe characten'stZcs of the fuselage"[1]. Since then, 
a great deal of research has been conducted to gain better understanding of the 
behaviour of damaged fuselage panels. 
A common approach in investigating such a complex structural problem has been 
by simplifying it into simple structures. There are several simple models which are 
usually used to represent fuselage structure, i. e. bi-axial tension plate, plate loaded 
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Bi-axial tension Combined bending 
and bi-axial tension 
(b) 
Figure 1-3: (a) Typical aircraft fuselage structure; (b) Simplified model of fuselage 
panel. 
by combine bending and tension and shell loaded by distributed load, as shown in 
Figure 1-3. The first model is considered as a two-dimensional structure and can be 
solved using the plane stress theory of elasticity [129], the second problem can be 
represented by superposition of plate bending [107] [130] and two-dimensional plane 
stress theory [129], while the third one is classified as a shell structure and should 
be solved using the shell theory [90][87][120][130]. 
Basically, there are two major theories of plates and shells. The first theory is 
commonly referred to as the classical or the thin plate and shell theory (as it neglects 
the shear deformation through the plate thickness). This theory was first proposed 
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bending and pressure 
loading 
by Kirchhoff 1 [76] in 1850 for plate problems. The other theory is shear deformable 
plate and shell theory. This theory takes into account the shear deformation and the 
transverse normal stresses. It was first proposed by Reissner [107] in 1947 for plate 
problems and extended to shell problems by Naghdi [871. The Reissner theory is 
based on modelling the plate structure as two-dimensional structure with assumed 
stress variation through the plate thickness (the third dimension). In 1951, Mindlin 
[85] proposed another plate formulation to account for shear deformation based on 
a prescribed displacement field through the plate thickness. 
The classical theory is sufficient for most practical applications. However, it was 
proved by comparisons to experimental analysis (see for example, References [5,6] 
in the paper reported by Reissner [107]) that Kirchhoff theory of thin plates is not 
in accordance with the experimental results for problems with stress concentrations 
such as, stresses at an edge of a hole when the hole diameter became so small as 
to be of the order of magnitude of the plate thickness. Moreover, when the Kirch- 
hoff theory is applied to crack problems, the angular distributions of the bending 
and membrane stress resultants around the crack tip are entirely different. This 
incompatibility leads to difficulties when combine stress fields due to membrane and 
bending are required. 
On the other hand, the shear deformable theory can overcome problems which 
appear on the application of classical theory. The other important feature of shear 
deformable plate and shell theories is that they can be used to analyse both thin 
and thick plates and shells. 
Linear elastic fracture mechanics can provide concepts and mathematical basis 
for damage tolerance analysis and determination of behaviour of cracks. The most 
important parameter in fracture mechanics analysis that is used to describe crack 
behaviour is the stress intensity factors. For structures or components with simple 
geometries, the normalized stress intensity factors are available in the reference 
books or database, for example references [9][86]. However, due to the complexity 
of engineering structures, it is frequently necessary to perform numerical structural 
analysis to obtain accurate solutions. Therefore, development of numerical tools for 
'In some text, it is referred to as Kirchhoff-Love theory, as Love [78] extended the theory to cope 
with shells (Love's first approximation). 
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fracture mechanics analysis in plates and shells is important. 
1.2 Numerical Models for Fracture Mechanics Analysis 
of Plates and Shells 
As has been mentioned in the previous section, aircraft fuselage is built using thin 
plates and shells as its main structural parts. Many other engineering structures such 
as ships, pressure vessels, pipes, reinforced concrete roof of buildings, and cooling 
towers are also mainly constructed using plate and shell structures. Plates and shells 
become widely used in many engineering applications because of the fact that these 
type of structure combine light weight with high strength. 
To ensure the safety and reliability of such structures, the development of nu- 
merical tools which can describe bending behaviour of plates and shells with and 
without the presence of crack, and also predict crack growth and its effect to the 
overall structure is necessary. In general, several numerical methods are used for 
practical problems, they include: the Finite Difference Method (FDM), the Finite 
Element Method (FEM), and the Boundary Element Method (BEM). 
The FDM is based on the direct solution of the differential form of the governing 
differential equation using difference equations. Some applications of the FDM to 
the classical and shear deformable plate theories can be found in [130,60]. The 
integral representation of the differential equation can also be solved using the FEM 
[146]. In the FEM the structure is discretised into elements and the continuity and 
equilibrium are ensured at the nodal positions. Zienkiewicz and Taylor [147] pre- 
sented FEM applications in the classical Kirchhoff plate and also in shear deformable 
plate theory. FEM has also been successfully applied to fracture mechanics of plate 
bending based on the classical and shear deformable plate theories. For example, 
Boduroglu and Erdogan [33], Sosa and Eischen[121], Sosa and Herrmann[122] pre- 
sented stress intensity factor solutions for several finite width Reissner plate bending 
problems. More recently, Viz et al. [136] computed membrane and bending stress 
intensity factors for thin plate based on the Kirchhoff plate theory. The application 
of the FEM to the fracture mechanics analysis of shell can be found in [19][20][45], 
and more recently in [31][62][63]. 
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All of the above mentioned methods are called domain methods as they require 
the discretisation of the problem domain. The boundary element method [27], on 
the other hand, is known as a boundary type method. The most important feature 
of boundary elements is that it only requires discretisation of the boundary rather 
than the domain. The BEM provides a continuous modelling of the interior since 
no discretisation of the interior is required, therefore it can give a high resolution of 
interior stresses and displacements. 
The application of the BEM to the classical theory of plates was first proposed 
by Jaswon et al. [68] using the indirect formulation. The formulation used in [681 
was based on biharmonic analysis for two unknown boundary values, deflection and 
normal slope. The formulation replaced corners with smooth curves and it was also 
valid only for simply supported and clamped plates. Forbes and Robinson [54] were 
the first to develop direct BEM to plate theory based on the Kirchhoff theory for 
plates with smooth boundary. Next, the works of B6zine [23] and Stern [123] were the 
first papers to consider plate bending problems with corner points and different types 
of boundary conditions via the direct formulation. They used the integral equation 
for the out-of-plane deflection and used its derivative to obtain an additional integral 
equation for the normal slope. Independently, Tottenham [132] also developed the 
direct formulation for plate bending. In his formulation, corner forces are treated as 
two concentrated couples. After the above works, other researchers (see for example, 
Stern [124], Stern and Lin [125], Hartmann and Zormantel [58], Abdel-Akher and 
Hartley [2][3], Karami et al. [71]) have improved and applied the formulation in 
different aspects. 
The derivation of boundary integral equation and the fundamental solution for 
the Reissner plate theory was reported by Vander Weeiýn [134]. Karam and Telles 
[69] confirmed that Reissner plate model can be applied to both thin and thick 
plates, and the same authors later applied it to elastoplastic analysis [701. The 
development of traction integral equation for Reissner plates have been reported 
independently by Rashed, Aliabadi and Brebbia [103][104] and Ahmadi-Brooghani 
and Wearing [5]. Later, El-Zafrany, Debbih and Fadhil [47] presented a modified 
fundamental solution, by separating parts of the kernel representing the effect of 
transverse shear, to allow analysis of thin and thick plates. Recent developments 
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in boundary element method for plate bending analysis can be found in the book 
edited by Aliabadi [12]. 
Thin walled structures loaded by in-plane and out-of-plane loads are widely used 
in engineering, therefore it is important to develop accurate methods of analysis of 
such structures. However, it appears that only Tanaka and Miyazaki [126] have 
presented the use of direct BEM for analysis of elastic plate-structure based on 
the Kirchhoff plate and plane stress theory of elasticity. Recently, Dirgantara and 
Aliabadi [43] presented a BEM formulation for assembled plate-structure based on 
the Reissner plate and two-dimensional plane stress. 
There are not many publications for the application of BEM to shell problems. 
Newton and Tottenham [91], and Tottenham [132] presented an application of BENI 
to shallow shell problems, by decomposition of the fourth order governing equation 
into a second order equation. Antes [14] derived a BEM formulation for circular 
cylindrical shells, but no numerical examples were reported. Tosaka and Miyake [131] 
derived the direct BEM formulation for a shallow shell starting from the reduced 
single complex-valued equation of the coupled w-0 formulation. More recently Lu 
and Huang [80] developed a direct BEM formulation for shallow shells involving shear 
deformation. As stated in the review by Beskos [22], the application of direct BEM 
for shell problems involve complicated fundamental solutions (see e. g. (74] [79] [81]). 
There is however, another approach that has been developed to deal with shallow 
shell problems. The formulations derived using this approach are formed by coupling 
boundary element formulation of classical plate bending and two dimensional plane 
stress. The work of Forbes and Robinson [54] was the first which developed the 
application of this approach for the static analysis of shallow shells. Zhang and Atluri 
[144] have also successfully derived a formulation for static and dynamic analysis of 
shallow shells base on the weighted residual method. Providakis and Beskos [94] 
and Beskos [22] extended the method developed by Zhang and Atluri [144] to solve 
static and vibration analysis of shallow shells. They derived the formulation with 
the aid of the reciprocal theorem. Later, Jinmu and Shuyao [75] used this method 
to carry out geometrically nonlinear analysis of shallow shells. There are advantages 
and disadvantages to this approach. The main advantage is that the fundamental 
solutions involved are much simpler than the ones in the direct BEM. However, due 
35 
to additional curvature terms in equilibrium equations, this method contains domain 
integrals as well as boundary integrals. Recently, Dirgantara and Aliabadi (36] 
have extended this approach to analysis of shear deformable shell problems. Wen, 
Aliabadi and Young [140] used the formulation proposed in (36] and transformed the 
domain integrals to boundary integrals using the dual reciprocity technique. 
During the last decade, BEM has emerged as a robust numerical method for 
fracture mechanic problems. Several special techniques have been developed to 
model cracked structures. Among these the most important are: crack Green's 
function method, the displacement discontinuity method, the sub-region method and 
the dual boundary element method. The Dual Boundary Element Method (DBENI), 
which is based on displacement and traction integral equations, has been developed 
and applied to many fracture mechanics problems such as two dimensional and 
three dimensional elasticity, thermoelastic, concrete cracking, composite materials, 
elastoplastic, stiffened panel, and dynamic fracture mechanics, as has been reviewed 
by Aliabadi [10]. Recently, the application of dual boundary element method has 
been extended to fracture mechanics analysis of plates loaded by combine bending 
and tension, and to fracture mechanics analysis of shells. Ahmadi-Brooghani and 
Wearing [5] developed the application of DBEM for fracture mechanics analysis 
of Reissner plate bending problems. Dirgantara and Aliabadi [41] have developed 
application of the DBEM for crack growth analysis of plates loaded in combine 
bending and tension, and also for crack analysis of shear deformable shell bending 
problems [42]. 
1.3 Overview of the Present Work 
The aim of this thesis is to investigate and develop boundary element methods for 
analYsis of bending problems and fracture mechanics of shear deformable plates and 
shear cleformable shells. 
Chapter 2 describes some basic concepts of the shear deformable theory for 
elastic plates and shells, two-dimensional plane stress, and review of linear elastic 
fracture mechanics related to two-dimensional plane stress, plate and shell bending 
problems. 
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In Chapter 3, the displacement integral representation of the governing equa- 
tion for shear deformable shells is derived. The fundamental solutions are introduced 
and the boundary integral equations are derived. The boundary integral equations 
are discretised using quadratic elements. The method for the evaluation of the sin- 
gular integrals are described in details. Treatment of domain integrals using cells 
and transformation of domain integrals to boundary integrals using the dual reci- 
procity technique are presented. Also presented are boundary integral equations for 
shear deformable plates and two-dimensional plane stress. Several examples with 
different geometries, loadings and boundary conditions are analysed to demonstrate 
the accuracy of the proposed method. 
Chapter 4 presents the hypersingular formulation for shear deformable shell 
bending analysis. Five integral equations, representing the bending, the shear and 
the membrane stress resultant integral equations are derived in details. The trac- 
tion boundary integral equations are set up. Transformation of domain integrals to 
boundary integrals using the dual reciprocity technique are presented. Discussions 
on the computational aspects of the singular integrals are presented. Also presented 
are hypersingular integral equations for shear deformable plates and two-dimensional 
plane stress. 
Chapter 5 presents the dual boundary element method for fracture mechanics 
analysis for shear deformable shallow shells and plates loaded in combine bending 
and tension. Modelling strategies, stress intensity factors evaluation using crack 
opening displacement (COD) and J- integral techniques are explained. The de- 
composition of the J- integral for mixed mode problems is also presented. Some 
examples are solved to demonstrate the accuracy of the stress intensity factors of 
shear deformable plate loaded in combine bending and tension. 
Chapter 6 presents crack growth simulations for shear deformable shallow shells 
and plates loaded in combine bending and tension using the dual boundary element 
method. Modelling strategies, prediction of crack growth direction and fatigue life 
calculations are explained. Also presented is a simulation strategy for multiple crack 
growth analysis. Some examples are solved to demonstrate the robustness of the 
proposed method. 
In Chapter 7, analysis of assembled plate-structures subjected to arbitrary load- 
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ings is presented. A multi-region formulation is developed to model such problems. 
The compatibility of translations and rotations as well as equilibrium of membrane, 
bending and shear tractions are enforced along the interfaces in this technique. Some 
examples are presented to demonstrate the accuracy of the method. 
Finally, conclusions are presented in Chapter 8. 
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1n this chapter, some basic concepts of elasticity theory of shear deformable shallow 
shells, shear deformable plates and two-dimensional plane stress are reviewed. Also 
reviewed are the fundamental concepts of fracture mechanics. The main sources of 
information for the elasticity theory of shallow shells are Novozhilov [90], Naghdi 
[87][881, and Sih [118], for the elasticity theory of plates and two-dimensional plane 
stress are Reissner [107], Mindlin [85] and Timoshenko and Goodier [129], and for 
fracture mechanics of Sih [118], Broek [291, Anderson [13], and Aliabadi and Rooke 
[8]. 
Indicial notation is used throughout the thesis. Greek indices will vary from I 
to 2 and Roman indices from 1 to 3. The partial derivative of (... ) with respect to 
the coordinate x, will be denoted by comma subscript, such as 
i9 
_( ... 
), and denotes the derivative of with respect to the outward normal ax, 
n. 
2.2 Basic Definitions of Shallow Shells 
The term shell is usually applied to a body bounded by two curved surfaces, and 
the distance between the surfaces, which is the shell thickness, is small compared 
to other dimensions. The locus of points which lie at equal distances from these 
two surfaces defines the middle surface of the shell. Every point in the shell middle 
40 
ý Cc 
Figure 2-1: Curvilinear coordinates of shell. 
surface is defined using curvilinear coordinates ý, and ý2, and the third coordinate 
in the surface is the distance ( from the middle surface, measured along the normal 
to the middle surface, as shown in Figure 2-1. 
General classical theory of thin elastic shells can be found in the books of Love 
[781, Novozhilov [90], and Timoshenko [130]. The classical theory of elastic shells is 
based on the following assumptions: 
1. shell thickness h should be at least an order of magnitude smaller than the 
least radius of curvature R of the middle surface, i. e. hIR < 1; 
2. the strains and displacements are small enough for changes in geometry to be 
negligible; 
3. the component of stress normal to the middle surface is small compared to 
other components of stress, and it may be neglected in the stress-strain rela- 
tions; 
4. straight lines normal to the undeformed middle surface would remain inexten- 
siblel straight and normal to the middle surface when the shell is in a deformed 
state, which implies the transverse shear strains are neglected. 
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According to Novozhilov [90], a shell is called thin if 
max R 20 
otherwise it will be considered as thick shell. 
Reissner [109], followed by Naghdi [88] derived a theory of thin elastic isotropic 
shells involving transverse shear deformation and transverse normal stress. In shear 
deformable theory, the straight lines normal to the undeformed middle surface would 
still remain inextensible, and straight when the shell is in a deformed state, but would 
not necessarily remain normal to the middle surface. 
In both classical and shear deformable shell theories, the stresses are replaced 
by a system of stress resultants and stress couples. 
Based on the theory derived in [88], Naghdi [87] deduced an elastic theory of 
shallow shells involving transverse shear deformation. Sih and Hagenclorf [120] fur- 
ther developed the theory and applied it for fracture mechanics analysis of shallow 
shells. 
A shell is considered to be shallow (i. e. slightly curved) if the middle surface is 
sufficiently smooth and all points on this surface are sufficiently close to a plane. 
According to Vlasov [138], the shell is considered shallow if the ratio of the rise to 
the shorter side (for a shell of rectangular plan) or to the diameter (for a shell of 
circular plan) (i. e. HID) is less than 1/5, see Figure 2-2. 
In shallow shell theory, all points on the middle surface are located by the Carte- 
sian coordinates of their projection on the X1X2- plane, that is, 




where ý1; ý2 are the curvilinear coordinates and 
f (ýl 
7U is the equation of the 
middle surface of the shell. General theory of shallow shell is the simplification of 
the general theory of shell based on the following assumptions: 
1. the squares of the derivatiNes 
(9f 
and their products are negligible in com- Ox, 
(2f )2 
<< parison to unity, i. e. < 'I 
( ,f< 





Figure 2-2: Shallow shell geometry. 
2. the transverse shear resultants Q, in the two equilibrium equations of stress 
resultants in xi- and X2- directions are negligible; 
3. the tangential displacements u,, in the expression for the transverse shearing 
strain ýYck3 are negligible. 
Now, consider an arbitrary shell of thickness h, as shown in Figure 2-2 with a 
quadratic middle surface given by 
X3 -1( kil x, 
2+ k22 X2 
2) (2.3) 
Based on this definition, the shell has only k1l = 11R, and k22 - 1/R2 which are 
principal curvatures of the shell in the xj- and X2- directions respectively, while 
k12 - k2l = 0. The bottom surface of the shell is located at 
(X3 - h/2) and the top 
surface at (X3 + h/2) . 
The generalised displacements are defined by Naghdi [87] and are denoted as 
wi and u, where w,, denotes the change of the slope of the normal to the middle 
surface (Oxý and OX2)7 W3 denotes the out-of-plane displacement w normal to the 
middle surface and u,, denotes in-plane displacements of the middle surface (u and 
v), as shown in Figure 2-3. 
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U, eýv oxi 
Rý r7l 
Figure 2-3: Sign convention for generalized displacements and tractions. 
rly = 16j^,, R,, dO,, 
Xa 
Figure 2-4: Basic definition of displacements and strains (a). 
The generalised tractions are denoted as pi and t,,,, where p,, denotes tractions 
due to the stress couples (mi and M2), P3 denotes the traction due to shear stress 
resultant (6) and t, denotes tractions due to membrane stress resultants (t, and 
t2). Figure 2-3 shows the sign convention for the generalised tractions. 
2.3 Governing Equations of Shallow Shells 
2.3.1 St rain- displacement relationships 



















Figure 2-5: Basic definition of displacements and strains (b). 
the increase of element length due to displacement along x, is -9u' dx,,, and because ax, 
of the radial displacement W3, the element length increases by W3dO, 
dx,,, 
Ra 




5-x-a ý'5 R, 
(2.4) 
Dividing the above value by the element length dx,, the in-plane normal strain is 
obtained as 




Similarly from the elasticity theory of two dimensional bodies, in-plane shear 
strain can be obtained from the distortion of angle between sides of element as 
shown in Figure 2-5. From the figure, it can be seen that the initial angle CAB of 
an undeformed element ABDC is diminished by the angle 
U2 + 
OU2 
dxl U2 ul + 
au, 





to become angle CA'B' of the deformed element A'BD'C'. Therefore the in-plane 
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Figure 2-6: Basic definition of displacements and strains (c). 
shear strain of the element can be written as 
-y,,,, 3 = 2E,,,, 3 = u,, o + uo, c,; a :ý3 
(2.7) 
Transverse shear strain is obtained from the distortion of angle of the face of shell 
element perpendicular to xi- or X2- axis, as can be seen in Figure 2-6. An initial 




to become the angle G'E'F'. Using the third assumption of shallow R,, dx,,, 
shells mentioned above, by neglecting the term 
uc, 
, the transverse shear strains of R, 
the element can be written as 
'Ya3 2-- Wet + W3, a (2-8) 
The curvature relationships with the derivatives of generalised displacements can 
be written as 
Ko, o= 2X,, o = 7-oct, o + wo,, (2.9) 
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C721 
Figure 2-7: Components of stress. 




Figure 2-8: (a) A surface of shell element perpendicular to x, - axis; (b) components 
of forces acting on a face of the shell element. 
2.3.2 Stress resultants and stress couples 
Consider an element of a shell, as shown in Figure 2-7. Let (T11 and922 be normal 
stresses, acting on the faces of the element, 0'12 and 021 are shear stresses on these 
faces, acting parallel to the middle surface, and ý713 and 923 are transverse shear 
stresses, acting normal to the middle surface. Positive directions of these stresses 
are shown in Figure 2-7, where el, e2, and e3 are unit vectors parallel to xj, X2, and 
X3 - axes respectively. 
To define stress resultants and stress couples, now consider a face of the shell 
element in Figure 2-8(a) which is perpendicular to the xj- axis. The length of the 
arc in the middle surface is d--"2 = R2dO and the length of the arc at a distance -r3 
from the middle surface is (R2 + X3) dO. Assuming that a normal stress o, 11, shear 
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stresses 0'12 and transverse shear stress 0'13 act on this face, the forces acting on the 
shaded area of the shell surface are: 
dFl = all (R2 + -13) dOdX3; (2.10) 
dF2 0'12 (R2 + X3) dOdX3 
and 
dF3 " 0'13 (R2 + X3) dOdX3 (2.12) 
Hence the total forces (as a resultant of the stresses) acting on entire surface of 
the shell will be equal to: 
and 






















The stress resultants (defined as forces per unit length along dX2), are the mem- 









orl, dX3; (2.16) 
R2dO _h/2 
R2 
Nl 2 := 














and the bending stress couples M,, 3, defined as the bending and twisting moments 


















Similarly, by considering the other face of the shell element which is perpendicular 
to the X2- axis, other components of stress resultants and stress couples can be 
obtained as follows: 







N21 : -- 
h/2 

























For the sake of simplicity, throughout this thesis both the stress resultants and 
stress couples will be referred to as the generalised stress resultants. 
Reissner [109] and Naghdi [88] assumed that the stresses due to membrane forces 
are uniform, the stresses due to bending and twisting moments vary linearly and 
the transverse shear stresses vary parabolically over the thickness, and proposed 
expressions for the stress components as follows: 




-Y =3 if a3 (2.26) 
hW 








pt, ý 2h 
h 
The generalised tractions at a boundary point can be defined as: 
pa = A/Icono; 
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Figure 2-9: Stress resultant equilibrium of a shell element: (a) bending and shear 
stress resultants; (b) membrane stress resultants. 
and 
t,, = N,, 3n, 3 (2.28) 
where n, 3 are the components of the outward normal vector to the shell boundary 
(see Figure 2-3). 
2.3.3 Equilibrium equations 
With the aid of Figures 2-9 and 2-10, and taking into consideration the effect of 
the domain loads qj acting over the entire of the middle surface area, equilibrium of 
50 
ao 1 Ql + dxl 
dO R, 
Figure 2-10: Contribution of shear stress resultant Q1 to equilibrium equation along 
x, - axis. 




i9N2, dX2 dxl 
ax, 19X2 






dxl) dX2 sin 
dO) 








and dxl .- RjdO, there- 
(22' 
fore the term QjdX2 sin 
dO) 
+ Q, + 
"Q1 
dxl dX2 sin 
dO) 
in equation (2.29) 
(2 
Ox, 2 











2 ax, 2 
QldOdX2 + 
'Q' 
dxl dO dX2 
i9xl 2 
Ql dx, dX2 + aQl I dx, dxi dX2 Ri i9xi 2RI 
(2-30) 
Neglecting the last term in (2.30), substituting equation (2-30) into equation 
(2.29), and then simplifying and dividing all terms with dx, dX2 gives: 
ONI, 
+ +Ql +ql=O 
19xl OX2 Ri 
(2.31) 
The equilibrium equations for forces and moments on the other directions can 
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+ q2 -'=-- 0 (2-32) axl aX2 R2 
aMl 1 aM21 0 (2.33) 
i9X1 
+ 5X2 - Q1 
W12 19M22 + ýj- - Q2 0 (2-34) ax, X, ) 2 










=0 (2-36) Ri R2 
By substituting expressions of the stress resultants and stress couples in equations 
(2.17), (2.20), (2.22) and (2.25) into equation (2.36), it can be shown that equation 
(2.36) is identically satisfied. 
Utilising the second assumption of general shallow shell theory, the effect of the 
term 
Qa 
in equation (2.31 - 2.32) can be neglected. R, 
Hence the equations of equilibrium (2.31 - 2.35) can be rewritten using indicial 
notation as: 
(2-37) Qa = 07 
Q,,,, - kON,, o + q3 
01 (2-38) 
and 
N,,, ý3,0 + q, =0 
(2-39) 
where kl2= k2l = 
2.3.4 Stress result ant-strain relationships 
Using Reissner's variational theorem of elasticity [108], Naghdi [88] derived the re- 
lationships between stress resultant and strain as follows: 
1-v 
2X,,, 3 + 
2v (2.40) 
21-v 
Qa: --::: C"Ya3; (2.41) 
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and 
I-v 2v Na, 3 B2 
(60"3 
+ 60c, +Iv ETY (2.42) 
where B(= Ehl (1 _ V2)) is known as the tension stiffness; D(= Eh3l [12 (1 -v 2) ]) 
is the bending stiffness of the shell; C(= [D (1 - v) A 2] /2) is the shear stiffness; 
A= VI-101h is called the shear factor and is the Kronecker delta function, which 
has property 
6ao = 
1 if a= ý3 
0 ifa 0 
2.3.5 Stress result ant- displacement relationships 
(2.43) 
By substituting equations (2.5 - 2-9) into (2-40 - 2.42), the stress result ant-displ acement 
relationships are obtained as 








Qce C(Wa + W3, a); (2.45) 
and 
Nap =Bvu,,,, 3 + uo, ck + 
2v 
uy, -, 6.0 +B [(I - v)k,, o + vbcpkoo] W3 2v 
= N(') + N(") (2.46) ap ap 
To make the representation more convenient, the term N,,, 3 is separated into N(') Q'3 
which are due to in-plane displacements and N(") a'3 which are due to curvature and 
out-of-plane displacements. 
2.3.6 Equilibrium equations in term of displacements 
By substituting (2.44 - 2.46) into (2.37 - 2.39), the equilibrium equations in term 
of displacements are obtained as follows: 
DV2W, +D (1 + v) 
a (_19Wl 
+ 19W2) _ CWJ _ C19W3 =0 (2.47) 2 19X2 aX2 axl ax, 
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h1i 
Figure 2-11: Plate geometry. 
D+ 
V) 
a (19W1 aW2 
+ DV2 W2 - CW2 -C 
aW3 
=0 (2.48) 2 ýXl aX2 axl 
) 
i9X2 
CV2 W3 +C awl +C aW2 + q3 - B(kil + Vk22) 
aul 
axi aX2 ax, 
-B(vkll + k22) 
aU2 
_ B(k 
21 + k2 =0 (2.49) aX2 1 22 + 
2vkllk22)W3 
BV2U, +B (I + V) 
(9 (_ 19U1 + 
OU2 
+ q, + B(kll + vk22) 
19W3 






+ BV2 U2 + q2 + B(vkll + k22) 
aW3 





2.4 Governing Equations of Flat Plates 
If the curvatures of a shell are k1l = k22 = 0, the surfaces which bound the body 
become flat, the bending and shear loads will have no effect to the membrane behav- 
iour and vice versa. The body is now called plate and its behaviour can be evaluated 
separately by using shear deformable plate bending and/or two dimensional plane 
stress theories depending on external loadings. 
Consider an arbitrary plate of thickness h in the xi space as shown in Figure 
2-11. The xj - X2 plane is assumed to be located at the middle surface X3 ý_- 0, 
ý X3 
< +h/2. As in the previous section, the generalised displacements where -h/2 -< 
for bending and shear are denoted as wi and for in-plane as u,, with the same 
sign convention as for the shallow shell (see Figure 2-3). Exact definition of the 
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generalised displacements can be found in [107]. 
2.4.1 Stress resultants and stress couples 
The bending stress resultants M,,,,, 3, and the shearing stress resultants Q, can be 
defined as: 
I h/2 






where or,,, 3 are the three-dimensional components of the normal stresses through the 
plate thickness and 9.3 are the components of the transverse shear stresses. 






Based on two-dimensional theory of elasticity, the normal stresses o,,, p due to 
membrane forces are assumed to be uniformly distributed over the thickness, and as 
proposed by Reissner [107] for shear deformable plate bending, the normal stresses 
due to bending and twisting moments ac,, 3 vary linearly and the transverse shear 
stresses 0.3 vary parabolically over the thickness. Hence, the stress components can 
be expressed via the following relationships: 






(2X3 ) 21 
Qa (2.55) 
2h h 
The generalised bending and shear tractions at a boundary point can be defined 
as: 
pa - A/Lon, 3 and P3 - Q,,, n, (2.56) 
and membrane tractions 
t, = N,, On, 3 (2-57) 
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where no are components of the outward normal vector to the plate boundary. The 
sign convention for the generalised tractions is same as the shallow shell theory (see 
Figure 2-3). 
2.4.2 Strain-displacement relationships 
Strain-displacement relationships can be derived in a similar way as in shallow shell 
theory, but in this case, in-plane strains and displacements are uncoupled with bend- 
ing strains and displacements. The transverse shear strains of the element can be 
written as 
7a3 ---,: Oa I-- Wa + W3, ce (2-58) 
the curvature relationships or the flexural strain as 
r,,,, o = 2X,,, 3 = w,,, 3 + w, 3,,, (2.59) 
and the in-plane strains of the element as 
1 
(U,,,, 3 + U, 3, c, 
) (2.60) 
2 
2.4.3 Equilibrium equations 
The equilibrium equations can be formed by considering the equilibrium of a 
typical plate element having dimensions of dxl x dX2 xh and under uniform load 
qj (per unit area), which is regarded to be positive when it applied in xi directions 
(see Figure 2-12). These equations are derived in a similar manner to the section 
2.3 and can be written in indicial notation as follows: 
and 
Aliao, 0 - QCI = 0; 
Qc, + q3 = 0; 
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N, + jX7 dxl 11 
Figure 2-12: Stress resultant equilibrium of a plate element. 
2.4.4 Stress result ant-strain relationships 
Reissner [107] derived the stress result ant-strain relationships for plate bending using 
the basic minimum principal for the stresses (Castigliano theorem of least work), to 
1. 
give . 




QQ = Cýba 
am 
1 dx2 M21 ;7 +x 
'2 
ol + ýxl dxl 
1 
am, 
1 + jx- dxl Mil 
am 
M, + dx 21 
DN 
ý22 +a &ý2 
(2.63) 
'In Reissner [107], there is a term relating the effect of the transverse normal stresses on the 
bending stress resultants, but according to Mindlin [85], this term has a negligible contribution 
to the results. For the sake of simplicity and to be consistent with the stress resu It ant-s train 
relationships for shallow shells, following Mindlin [85], this term will be ignored in this thesis. 
DQ 2dXý 
. ýI 
Q2 +-3X2 2 
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and based on Hooke's law for two-dimensional plane stress, membrane stress result ant- 
strain relationships can be written as follows: 
N,, o =B1-v 2cco + 
2v 
EIY^f 6CLO (2.64) 21-v 
Equations (2.63 - 2.64) represent the generalised Hooke's law. Equations (2.63 - 
2.64) together with equations (2.58 - 2.60) represent the stress resultant-displacement 
relationships as follows: 
Map =D1-v Wco + wo, a + 
2v 
w^t, ̂f6co 2v 
Qa = C(Wa + W3, ce) (2-65) 
and 
Na, 3 =Bv uco + U07a + 
2v 
ulyl-16ao (2.66) 2(1-v 
which are the stress result ant-displacement relationships. Tension stiffness B, bend- 
ing stiffness D of the shell, shear stiffness C and the shear factor A are same as the 
ones defined in the section 2.3 for shallow shells. 
2.4.5 Equilibrium equations in terms of displacements 
By substituting (2.65 - 2.66) into (2.61 - 2.62), the equilibrium equations in terms 
of displacements are obtained as follows: 
DV2W, +D (I + V) a 
i9w, 
+ 49W2 Cwl -C 
aW3 
=0 (2.67) 2 19X2 aX2 ax, axl 
D+ 
V) 19 
i9W1 49W2 + DV2 W2 - CW2 -C 
aW3 






CV2 09wl 49W2 W3 +C+ C5- + q3 ýý 0 (2-69) 
09xl X2 
BV2U, +B 
U2 (I + V) 
49 (--9ul + ! 
ý-) 
+ q, =0 (2.70) 2 i9X2 19X2 axl 
B+ 
V) 
a (19ul aU2 
+ BV2 U2 + q2 ý0 (2.71) 2 '9xl 19X2 19xl 
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2.5 Basic Concepts of Fracture Mechanics 
Although fracture mechanics is a relatively new scientific discipline, its importance 
to engineering design is no longer in question. Since the pioneering investigation in 
1920 by Griffith [55], followed by Irwin [671 in 1948, and through rapid development 
during 1960s and 1970s, fracture mechanics has become the primary approach for 
analysing and preventing failures in structures. 
Most of the studies on fracture mechanics have been based on situations and 
materials for which the use of linear elasticity are valid or constitute a good ap- 
proximation. It is referred to as Linear Elastic Fracture Mechanics (LEFM). One 
of the most important parameters used in LEFM analysis is the stress intensity 
factor (SIF). This parameter is used to determine the crack tip stress field in a 
cracked structure. With a knowledge of the stress intensity factors, crack growth, 
life expectancy and residual strength of engineering structures can be determined. 
Therefore, to predict crack behaviour in a structure, a knowledge of stress intensity 
factors is essential. 
Figure 2-13: Five crack modes. 
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(c) (d) (e) 
Figure 2-14: Straight crack in an infinite medium. 
For plate and shell problems, five stress intensity factors, two SIFs due to mem- 
brane loads (as shown in Figure 2-13(a) and (b)) and three SIFs due to bending 
moments and shear loads (as shown in Figure 2-13(c), (d) and (e)) have to be 
computed. The stress intensity factors for a flat plate loaded in combine bending 0 
and tension can be represented by superposition of SIFs of plate bending and two- 
dimensional plane stress theory. In shell problems, the SIFs due to bending and 
membrane loadings are always coupled due to the curvature of the shell. 
Throughout the thesis, the stress intensity factors for mode I, II and III are 
denoted as KI, KII and KIII respectively, whereas the stress resultant intensity 
factors are denoted as K1, K2 and K3 respectively. Subscript m is added for stress 
intensity factors and stress resultant intensity factors due to membrane loads, and 
subscript b is added for stress intensity factors and stress resultant intensity factors 
due to bending and shear loads. 
2.5.1 Crack tip elastic fields 
Using the local polar coordinate system shown in Figure 2-14, the elastic fields 
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0 (V-1 
2 +K2mCOS- - +sin -')] +O(r) (2.84) 2 1+v 2 
for displacements [139], where (r, 0) are the polar coordinates measured from the 
crack tip, Kl,, and K2,,, are mode I and mode II membrane stress resultant intensity 
factors respectively, Klb, K2b, and K3b are two bending and shear stress resultant 
intensity factors respectively. 
It is worth noting that the angular functions of the bending and membrane stress 
resultants for shear deformable plates and shells around the crack tip are identical. 
This feature permits the bending and membrane stress fields to be combined. Using 
the relationships in equations (2.26 - 2.27) and (2.54 - 2.55), the above stress 
resultant intensity factors can be related to stress intensity factors KI, KII, and 
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for shallow shells, and 
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2.5.2 Stress intensity factors evaluation 
The stress intensity factors can be evaluated in several ways. 
Stress resultant in- 
tensity factors can be explicitly derived from equations (2.72 - 2.79). 
Substituting 
0=0 in equations (2.72 - 2.79), the stress resultant intensity 
factors can be ex- 
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pressed as: 
Klb : -- IiM M22 
V27rr(r, 0); (2-91) 
r--+O 
K2b : -- liM M12ý%v72-7rr (r, 0) ; (2.92) 
r--+O 
-K3b ý liM Q2 NF2ýr (r, 0) (2.93) r--+O 




lim N12 v72--7rr (r, 0) (2.95) r ---> 0 
By omitting the 0 (r) terms in equations (2.80 - 2.84) for small r and substi- 
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8rA2, rn 10000 
Eh ý7] 
The stress intensity factors can then be written in terms of displacements on the 
crack surfaces, as 







































The stress intensity factors can also be determined by the path independent J- 
integral. In the absence of body forces, the path independent J- integral; the rate 
of energy released per unit of crack extension in the xb direction is defined for plate 
bending as [122] 
Jbb : ---: 
fr 
(Wb - qW3) n, 5d]F - 
fr 
piwi,, 5aT + 
10 
q, 6W3dQ (2.100) 
and for two-dimensional plane stress as [111] 
J45m (Wmnb - tau, 3,, 5) dF 
(2.101) 
r 
where boundary r is an arbitrary contour surrounding the crack tip. In the case of 
uniform domain load, q, b is equal to zero, therefore the third integral on the RHS 
of equation (2.100) will vanish. It is worth mentioning that in this work the strain 
energy density and the tractions are defined over the thickness of the plate. The 
strain energy density is defined as the strain energy per unit area, and the tractions 





Figure 2-15: Arbitrary contour surrounding a crack tip. 
The strain energy density for plate bending , Wb, and for two dimensional plane 
stress W, are defined as 
Wb 
(? 
'Uc"O + Wo'c) + Qa (Wa + W3, ce) (2.102) 221 
and 
wm =IN,,, p6co (2.103) 2 
where wl,., j, E,,, 3 are the strain tensors, and n,, are the components of the unit outward 
normal to the contour path. 
The relationship between the component of J- integral in x, - direction and the 
bending and shear stress resultant intensity factors is given as 
JI b 





and the relationship between the component of J- integral and the membrane stress 




2+ K2171 2 
El 
(2.105) 
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Figure 2-16: Typical fatigue crack growth rate diagram daldN vs AK. 
conditions and E' = El (I - V2) for plane strain conditions. 
2.5.4 Fatigue crack growth 
During service, structures are subjected to service loads, usually in the form of 
cyclic loading. As a consequence of that, crack growth can take place at much lower 
stress level. Linear elastic fracture mechanics provides a means of predicting crack 
growth rate under cyclic loading. 
Every material has different crack growth characteristic, depending on its al- 
loy contents and manufacturing processes, loading frequency, environment, and the t) ýn 
load level. The material properties are usually determined through laboratory test. 
Figure 2-16 shows a typical fatigue crack growth rate diagram of a material. Zone 
I is crack initiation phase, Zone 11 is stable crack growth region, and Zone III is 
unstable/ rapid crack growth region. 
Paris, Gomez and Anderson [95] developed an empirical formula for the rate of 
66 




Several other researchers have presented different functions of AK to fit the 
empirical data. Among them, the simplest form suggested by Paris and Erdogan 
[96] was 
da 
= Cp (AK)P (2.107) dN 
where Cp and mp are empirical constants of the material. 
2.5.5 Crack growth direction 
Several criteria have been proposed to describe the local direction of mixed-mode 
crack growth. The most prominent theories are based on minimum strain energy 
density [117], maximum energy release theory [66] and maximum circumferential 
stress theory [50]. However, all of these theories are only correlated to the two 
membrane stress intensity factors and there is no generally accepted criterion for 
predicting crack growth in plate subjected to bending and membrane stress resul- 
tants. 
Sih [119] proposed a crack growth criterion based on the strain energy density 
for plate bending problems, but according to his formulation K3b does not affect the 
propagation angle, and at the plate mid-surface the bending stress intensity factors 
KIb and K2b also do not affect the propagation angle. (Since values of stress intensity 
factors KI and KII due to bending at the mid-surface are equal to 0 as result of 
the relationships in equations (2.88 - 2.90)). Potyondy et al. [102], based on the 
maximum principal stress theory, also suggested that as at the plate mid-surface the 
bending stress intensity factors are equal to 0, they do not affect propagation angle. 
The maximum principal stress criterion is adopted in this thesis. This criterion 
postulates that the growth of crack will occur in a direction perpendicular to the 
maximum principal stress. Hence, cracks will grow from the tip in the direction Ot 
along which the shear stress is zero, that is 
Kj(,, ) sin Ot + Kjj(,,, ) (3 cos Ot - 1) =0 (2.108) 
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where Ot is an angular coordinate centered at the crack tip and measured from the 
crack axis ahead of the crack tip (see Figure 2-14). 
2.6 Note on Classical Plate and Shell Theories 
As has been mentioned in the beginning of this chapter, the classical or the thin plate 
and shell theories are based on the assumptions which neglect the effect of transverse 
shear strains. Plates and shells analyses based on these theories are sufficient for 
most practical applications, as large number of engineering structures are built using, 
thin plates and shells. 
However, it was proved by comparisons to experimental analysis (see for example, 
References [5,6] in the paper reported by Reissner [107]) that Kirchhoff theory of 
thin plates is not in accordance with the experimental results for problems with 
stress concentrations such as, stresses at an edge of a hole when the hole diameter 
became so small as to be of the order of magnitude of the plate thickness. 
This particular application is very important for aircraft structure, since many 
aircraft structures are made of thin sheets of metal reinforced by longitudinal and 
transverse stiffeners. In many cases, the stiffeners are attached to the sheet by means 
of fasteners. Fasteners are also used in lap joints between two sheets. Consequently, 
sheets in aircraft structure usually have many fastener holes. Therefore another 
theories which can give more accurate results are required for analyses of aircraft 
structures. 
Moreover, in the case of composite or anisotroPic plates, where the shear moduli 
ratio are large, the classical plate and shell theories can give inaccurate results [106]. 
Another shortcomings in classical theory is that the boundary conditions are 
satisfied approximately in the Kirchhoff sense, that is two boundary conditions on 
an edge of the plate and four for shell, while physically there are three independent 
boundary conditions on an edge of the plate and five on an edge of the shell. This 
approximation leads to several theoretical and numerical difficulties. 
If Kirchhoff approximation is applied to a plate or a shell which contains corners, 
supported along the edges and loaded, there are not only reactions distributed along 
the boundaries, but also concentrated reactions at the corners (see Timoshenko and 
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Woinowsky-Krieger [130]) which does not happen physically. 
When then Kirchhoff approximation is applied to the case of cracked plates 
and shells, the angular distributions of the bending and membrane stress resultants 
around the crack tip are entirely different (see, for example [49][52][53]). This in- 
compatibility lead to difficulties when one wants to combine the stress fields due to 
membrane and bending. 
On the other hand, the shear deformable theory satisfy the physical boundary 
conditions on the edge of plate and shell and acquired a three dimensional character 
in the crack front stresses for a through crack in a thick plate [116]. Based on 
shear deformable theory, the angular functions of the bending and membrane stress 
resultants around the crack tip are identical. This feature permits the bending 
and membrane stress fields to be combined in a natural fashion, and finally the 
relationship between stress intensity factors and stress resultant intensity factors 
due to bending and membrane can be established. This is very important feature 
for failure analysis, since fracture toughness of a material -a material property for 
the maximum allowable stress and crack length before fracture failure occurs - is 
presented in term of the stress intensity factor. 
The application of BEM for plate and shell bending based on the classical theory 
also has numerical difficulties. Slope integral equation is obtain from the derivative 
of out-of-plane displacement integral equation. The slope equation contains hyper- 
singular kernels of order 1/r 2. Traction integral equations, which is required for 
Dual Boundary Element Method, will have kernels of order 1/r 3 and I/r 4. Such 
high order of singularities are very difficult to handle. It appears that only Kn6pke 
[77] has tried to derive a hypersingular integral equation for bending moments in 
the classical plate theory. In his work, the shear force equation was ignored and no 
numerical results were presented. 
Another important feature of shear deformable plates and shells theories is that 
they can be used to analyse both thin and thick plates. 
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2.7 Summary 
In this chapter, the basic concepts for the elasticity theories of shear deformable 
shells and shear deformable plates as well as the two-dimensional plane stress were 
reviewed. Also reviewed were some basic fundamental concepts of fracture mechan- 
ics. The next chapter will present a new formulation of the integral representation 
and the boundary element formulation for the theories presented in this chapter. 
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Chapter 3 
The Boundary Element Method 
3.1 Introduction 
Although Boundary Element Method (BEM) has been established as an alternative 
numerical method to the finite element method for the solution of linear elastic 
problems, its development for plates and shells has not been as rapid as for the two- 
and three-dimensional problems. These particular applications of BEM is relatively 
difficult because of a high order differential equation governing the plate bending 
and even higher order for the shell. 
The development of direct BEM to plate theory based on Kirchhoff theory was 
introduced by Forbes and Robinson [54] for plates with smooth boundary, followed 
by the works of B6zine [231 and Stern [123] for problems with corner points and 
different types of boundary conditions. They used the integral equation for out-of- 
plane deflection and used its derivative to obtain the additional integral equation for 
the normal slope. Hartmann and Zormantel [58], developed further the method and 
implemented it for plates with relatively complex geometries, loadings and supports. 
Following the above works, others (see for example, Stern [124], Stern and Lin [1251, 
Abdel-Akher and Hartley [2] [3], Karami et al. [71]) have further improved and 
applied the plate bending formulation. 
The application of the direct BEM for analysis of Reissner plate was first pre- 
sented by Vander Wee6n [134,135] in 1982. In his work, Wee6n derived the boundary 
integral equation from Betti's theorem and derived the fundamental solution using 
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the H6rmander's method. Following his formulation, Karam and Telles [69] re- 
ported that Reissner's plate model is suitable for both thin and thick plates. They 
also extend the formulation to account for infinite regions. Barcellos and Silva [18] 
presented a similar formulation to that of Vander Weeýn [1341 for Mindlin plate 
model. Their formulation differs from the Reissner formulation in the shear factor 
constant. Westphal and Barcellos [141] discussed the importance of the neglected 
terms in the fundamental solution derived by Vander Weetýn [134]. They concluded 
that these terms have no effect on the results. Later, EI-Zafrany, Debbih and Fadhil 
[46] derived fundamental solutions for the Reissner plate based on the Hankel inte- 
gral transformation. The results were shown to be same as that of Vander Weeiýn 
[134]. In [47], a modified form of the fundamental solutions were derived, by sepa- 
rating parts of the kernel representing the effect of transverse shear, to allow analysis 
of thin and thick plates. Recent advances in the boundary element method for plate 
bending analysis can be found in the book edited by Aliabadi [12]. 
There are fewer works on the use of direct BEM for analysis of shallow shells, 
and only a hand full of publications for shear deformable shallow shells. This partic- 
ular application of BEM is relatively difficult because of the high order differential 
equations governing the shell. Newton and Tottenham [91], and Tottenham [132] 
presented an early applications of BEM to shallow shell problems, by decomposition 
of the fourth order governing equations into a second order equations. Antes [14] 
derived a BEM formulation for circular cylindrical shells, but no numerical exam- 
ples were presented. Tosaka and Miyake [131] derived the direct BEM formulation 
for a shallow shell starting from the reduced single complex-valued equation of the 
coupled w-0 formulation. More recently Lu and Huang [801 developed a direct 
BEM formulation for shallow shell involving shear deformation. 
As stated in the review by Beskos [22], the application of direct BEM for shell 
problems as reported in the above works involve complicated fundamental solutions 
(see e. g. [81] [79] [74]), therefore it will be difficult to extend this method to any other 
applications such as hypersingular integral equations, elastoplasticity or geometric 
non-linearity. 
There is, however, another approach that has been developed to deal with shallow 
shell problems. The method is called the domain-boundary element method. The 
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work of Forbes and Robinson [54] was the first which develop the direct domain- 
boundary element method for the static analysis of shallow shells. Zhang and Atluri 
[144] have also successfully derived the formulation for static and dynamic analysis 
of shallow shells base on weighted residual method. Providakis and Beskos [941 and 
Beskos [22] extended the method to solve static and vibration analysis of shallow 
shells. They derived the formulation with the aid of the reciprocal theorem. Re- 
cently, Jinmu and Shuyao [75] used this method for geometrically nonlinear analysis 
of shallow shells. All the formulations derived using this approach are formed by 
coupling the boundary element formulation of Kirchhoff plate bending and the two 
dimensional plane stress elasticity. There are advantages and disadvantages in this 
approach. The main advantage is that the fundamental solutions involved in this 
method are much simpler than the ones in the direct BEM. However, due to addi- 
tional curvature terms in the equilibrium equations, this method contains domain 
integrals as well as boundary integrals. 
In this chapter the derivation of boundary integral equations for the analysis of 
shallow shells involving shear deformation is presented. The formulation is formed 
by coupling boundary element formulations of shear deformable plate bending and 
two dimensional plane stress elasticity. The boundary is discretised into quadratic 
isoparametric elements. The domain integrals which appear in this formulation are 
treated in two different ways: firstly the integrals are evaluated numerically using 
constant cell discretisation, and secondly they are transformed to boundary integrals 
using the dual reciprocity technique. Also presented are the boundary integral equa- 
tions for the analysis of shear deformable plate bending and two-dimensional plane 
stress problems. Some examples with different geometry and loading conditions are 
presented to demonstrate the efficiency of the proposed formulation. 
3.2 The Integral Representations 
The equilibrium equations of shear cleformable shallow shell in equations 
(2.47 - 
2.51) can be rewritten as follows: 
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where q*, q*, q* are equivalent body forces 123 
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It can be seen that equations (3.1 - 3.5) have the form of equations (2.67 - 2.71) 
which represent shear deformable plate bending and two dimensional plane stress 
static deformations respectively for which boundary integral formulation procedures 
and fundamental solutions have already been developed. Therefore boundary inte- 
gral representation for the above equations can be achieved by employing similar 
procedures to shear deformable plate bending and two dimensional plane stress. 
The force terms q*, q*, q* consist of the coupling terms which should vanish for flat 123 
plates, i. e. k1l = k22 = 0- 
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Figure 3-1: Shell geometry and its projection on x, - X2 plane. 
where Lj6k is the Navier differential operator for shear deformable plate bending 
problems 
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with fb,, =0 and f3b = q*, while L' is the Navier differential operator for two- 3 uO 
dimensional plane stress problems 
L',,, ý = BV2 6, ý3 +B 
(I+ v) 00 26, 
ý3) cto 2 09xc, 09xo 
with f,,, = q, *,, * 
The integral equations for shallow shell problems can be derived by consider- 
ing the integral representations of the governing equations (2.37 - 2.39) from the 
following integral identities: 
Q,, ) W,, *, + (Q,,,, - k,, ONo + q3) IV3*] dQ =0 (3-16) 
and 
(N,,, 3,0 q,, ) U, *, dQ =0 (3-17) 
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where U, *, and Wi* (i = a, 3) are weighting functions and Q is the projected domain of 
a shell on x, - X2 plane, bounded by boundary IF (see Figure 3-1). Equation (3.16) 
is an integral representation related to the governing equations for bending and 
transverse shear stress resultants, while equation (3.17) is an integral representation 
related to the governing equations for membrane stress resultants. 
3.2.1 Rotations and out-of-plane displacement integral representa- 
tions 
Here, the integral representations related to the governing equations for bending and 
transverse shear stress resultants are derived by using the weighted residual method. 
Integrating equation (3.16) by parts (applying the Green's identity'), gives: 
I 
r 
M,, 3npW,, *, aT - 
in 
-Alfc,, 3WQ*, OdQ 
Q, W,, *, dQ 
+j 
r F 
Q, ncW3*aT - QcW3*,,, dQ kc,, 3Nc,, OW3*dQ + q3W3*dQ =0 (3-18) 
10 
then, by substituting the relationships for pj in equation (2.28), equation (3-18) can 
be written as follows: 
pjWj*dl'- MapWc*,,, 3dQ - Q(, (W, * + W3*, c,, 
)dQ 
r 
k,, 3N,, 3W3*dQ + q3W3*dQ =0 
(3-19) 
where (j = oz, 3). Replacing the bending 0 and shear stress resultants 
(A1,0 and Q, ) 
with the generalised displacements and their derivatives using equations 
(2-44 - 
2.45), equation (3.19) will become 
ýr W. 
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'The Green's identity between two functions P and u,,, can be written as follows[561: 
in Pu,,,, dO = 
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f, 11 
in 
then applying Green's identity for the M,,,,, 3 integral and rearranging the third integral 
on the left hand side (LHS) of equation (3-20), gives: 
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Equation (3.21) can be written in following form: 
11 - 12 + 13 - 14 - 15 + 16 --:: 0 
(3.22) 
In the following some of the integrals in equation (3.22) will be expanded and 
considered individually. 
The integrals 12 and 13 
Making use of the relationships w, 3 = w,, 6,,, 3; WY = W,, 6,,.,; n. = na6,,, a and n., = 
nobo.., and relationship for M,, 3 in equations (2.44) the integrals 12 and 13 can be 
rewritten as 
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The integral 14 
The integral 14can be decomposed using the Green's identity and making use of the 
relationships for P3 in equation (2-28), as follows: 
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The integral 15 
The integral 15 can also be decomposed using the Green's identity and making use 
of the relationships for N,, O in (2.46), as follows: 
15 k,,,, 3N,,, 3W3*dQ 
I-V 2v 
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12v 
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k,,, 3 B ((l - v) kc,, 3 + v6co kyy) W3 W3* dQ 
(3.26) 
Now, by substituting equations (3.23), (3.24), (3.25) and (3.26) into equation 
(3.21) and grouping, equation (3.21) will become: 
(W3*pj - P*wj)dr - k,, OB 
(u,, 
n, 3 +u 
2ý_u-, 
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Figure 3-2: Fundamental state of displacements and tractions due to concentrated 





3 + U, 3W3, a +1-v UYW3*, -y6ao) 
dQ 
(I - v) k,,, 3 + vb,, 3 ky7l W3 W3* dQ 
+ [(Mc*,, 3,, a - Qa*)Wa + Qc*,, ceW3]dQ + W3*q3dQ =0 
(3.27) 
It has to be noted that the (. )* state can be chosen arbitrary. If the state is 
defined for concentrated generalised loads: two bending moments (i =a=1,2) and 
one concentrated shear force (i = 3) at an arbitrary source point X' GQ as shown 
in Figure 3-2, then equation (3.27) can be rewritten after introducing the direction 
of the load i as follows: 
wi; (X x) pj (x) - Pi*j 




(x) n, 3 + uß (x) n., + 
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k, aB [(l - v)k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, y] W3 
(X) Wi*3 (X', X) d9 (X) 
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[Mi*Oß, ß(x X) - Qia(X', X)] w, (X)dS2(X) 
Qia, 
a 
(Xii X)W3 (X)d9(X) =0 (3.28) 
where xE IF and XEQ are field points. By choosing the (. )* state to represent the 
fundamental state such as: 
mi', a, 3, ß (X , X) - Qi*ý X) +6 x) öi, = 
Qia, a(Xll x) + «Xil XA3 '0 (3-29) 
where 6(X', X) is the Dirac delta, and making use of the following property: 
in 
b(X', X)wi (X)d9 = wi (X') (3-30) 
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kßB [(l - v)k, 0 + vö, oky-y] W3 
(X) Wi*3 (XI, X) dQ (X) 
wi; (X X) q3 (X) df2 (X) (3-31) 
where W-* (X, x) and Pý (X', x) are the fundamental solutions for rotations and out- Ij ij 
of-plane displacements and bending and shear tractions respectively. It represents 
the displacement or the tractions at the point x or X in the direction 3 due to unit 
load applied at X' at the direction z. 
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3.2.2 Fundamental solutions 
The expressions for the kernels W! ý and P-ý- are given by Vander Weeiýn [134] as 23 23 
follows: 
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in which KO(z) and KI(z) are modified Bessel functions of the second kind [4], 
z= Ar, A is the shear factor defined in section 2.3.4, r is the absolute distance 
between the source and the field points, r, c, =, rc, 1rj where r,, = x, (x) - x,,, (x') and 
r, n = r,, n,,,. 
Expanding the modified Bessel functions for small arguments: 
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where ^ý = 0.5772156649 is the Euler constant. Substitute equations (3-35 - 3.36) 
into (3.34) and take the limit as r -* 0: 
lim A(z) = -1 ) r--40 2 
lim B(z) =- -' 
[lim 
In(ý) + -y + -1 
] 
(3.37) 
r--+O 2r ---- >O 22 
As it can be seen, A(z) is a smooth function, whereas, B(z) is a weakly singular 
O(lnr). Therefore Wi*j is weakly singular and Pi*j has a strong (Cauchy principal 
value) singularity 0(1/r). 
In this work, the modified Bessel functions are evaluated using polynomial ap- 
proximations given by Abramowitz and Stegun [4] (see appendix A). 
3.2.3 In-plane displacements integral representations 
The integral representations related to governing equations for membrane stress 
resultants can be solved in a similar way. Separating the terms in the bracket in 
equation (3.17) then integrating by parts (applying Green's identity), gives: 
N(, )Uý, *, ßd9 + N, 
(") Uý, *d2 + q, U, *, dý2 =0 (3-38) 
F0 f2 ß2 Olo 9 
W+ t(ii) Using the relationships for t, in equation (2.28), defining -t, -- t,,, ,,, then 
N(')n, 3 and N(")n, 3 ao ao (3-39) 
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Utilising the above definitions and substituting equation (2-46) into (3.38), gives: 
I 
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Integrating by parts the second and the third integrals in LHS of equation (3.40), 
gives: 
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Equation (3.41) can be written in following form: 
17 - I, + IT9 + 110 - Ill + 112 :`0 (3.42) 
In the following some of the integrals in equation (3.42) will be expanded and 
considered individually. 
The integrals 18 and 19 
Making use of the relationships u, 8 = u,,, 6,, 3; u., = uctbay; n,,, = n, 36,, o and n,, = 
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I 
u, T('ý*dr (3-43) 
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The integral 110 
Using relationships for N,,, a and t,, in equations (2.46) and (3-39), the integrals 110 
will become: 
110 B[ (I - v) k,,, o + vb,,, 3 k,,., ] W3 n, 3 U, *,, aT 
t U, *, dr (3.45) 
Now, substituting equations (3.43), (3.44) and (3.45) into equation (3.41), gives 
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Regrouping the first and the fourth integrals using definition for t,,, equation 
(3.46) will become 
ucN, (ý, '0')* dQ 
- 
in 
B [(I - v)k, p + vb,,, 3k-,, ] W3U, *,, OdQ + 
in 
q,, U, *,, d0=0 (3.47) 
Again, the (. )* state are defined for concentrated generalised loads: two concen- 




Figure 3-3: Fundamental state of displacements and tractions due to concentrated 
membrane forces. 
(3.47) can be rewritten after introducing the direction of the load 0 as follows: 
(U, *(Xlix)ta(x)aT(x)- TO(, 
)*(X', x)u(x)dr(x) )r ir a 
u, * (x/ 
in 
oao'ß 
(X', X) u (x) d9 (X) + 
ý, 
X) q, d9 (X) 
j, 
', ' 
(X u *, 1 X) B [(l - v)k, 0 + vbßk, y] w3 
(X) dQ (X) =0 (3.48) 
By choosing the (-)* state to represent the fundamental state such as: 
N (i)* (-Y/ X Ocx, 3 0 V1, - ,)+ 6(X', X)60,0 (3.49) 
and making use of the Dirac delta property (3.30), equation (3.49) can be written 
for an internal source point X' as: 
u0 (X') + TO(*)* (X', x) u, (x) dr (x) 
ir 
Ci 
U, *, (X', X) B [(l - v)k, p + vbßkýyy] W3 (X) d9 
(X) 
u, *, (X/ , x) t, 
(x) aT (x) + Uo* (X', X) q, d9 (X) (3.50) 
where Uo*,,,, (X', x) and '. T, 
(, ', )*(X, x) are the fundamental solutions for in-plane dis- 
placements and membrane tractions respectively. It represents displacements or 
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tractions at the field point x or X in the direction a due to unit load applied at the 
source point X' in the direction 0. 
3.2.4 Fundamental solutions 
The expressions for the kernels Uo*,,, and To*,,, are well known (Kelvin solution) for 
two-dimensional plane stress problems, and are given as [1441 : 
UO*U =1 (3 - v) In - 6o,,, ++ v) r, or,,, (3-51) 47B (1 - v) r 
T(')* --1 1r,,, [(I - v) bo, +2 (1 + v) r, or,,,, ] Oa 47rr 
+ (1 - v) [nor,, - n,, r, o]} (3.52) 
where Uo*,,, are weakly singular kernels of order O(In and To*,,, are strongly 
r 
singular in order 0(1/r) . 
3.3 Boundary Integral Equations 
The above integrals are regular provided r =ý 0. If the point X' is taken to the 
boundary, that is X' --ý x' E 17, the distance r tends to zero and, in the limit, the 
fundamental solutions exhibit singularities. In analysing the limit, a semi-circular 
domain with boundary F* and radius 6 centered at the source point x' is introduced, 
as shown in Figure 3-4. 
By taking the point V to the boundary, that is X' -* x' E IF, and assuming that 
the displacements wi and uO satisfy Hblder continuity, 
I wi (x) - wi (x) I< Ar'; A: constant > 1, and 0<a<1 (3.53) 
equation (3.31) can be written as follows : 




Semi-circular region around the source point when it approaches the 
- lim k3B 
1v [uc, (x) nß + uß (x) n 
E-o. 
2v 
uy (x) ny6., 0 Wi*3 (X 1, x) dF (x) 1-v1 
+ k, OB 
1v 19 
2 
[Ua (X) Wi*33 (X/ 
, 





U-Y (X) Wi*3, -y 
(X' 
, 
X) 6a0 d9 (X) 
1-v1 
ý2 
kaB [ (1 - V) ke + vb, 0 k-, ] W3 




X) q3 (X) dQ (X) (3-54) 
and equation (3.50) can be written as 
UO X, ) + lim T, 
(i)* (X 1, x) u, (x) dF (x) oa 
Ir 
r, +F, 
(X X) B [(l - v)ký, 0 + Vbci, 3k-y-yl W3 
(X) dQ (X) 
lim U, *. (X x) t, (x) dF (x) + U, *,,, (X/ I X) q, 
dQ (X) (3-55) 
e-0 
All limiting process can be found in the Appendix B. Taking into account all the 
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limits and the jumP terms, the boundary integral equations are obtained as follows: 
c-ij(X, )wj (x') + 
Ipi*, 
T (x) W* j(X, X)wj(X)a ij (X', x)pj (x) dIP (x) Jr 
kpB 
12v, 
(x) nß + up (x) nci + 
2v 





12v IUC'(X) W*3, ß (X/ 1 X) + Uß (X) Wi*3, a 
(X/) X) 
2v 







kßB [(l - v)kß + VbIOk-f-yl W3 (X) Wi*3 (x', X) d9 (X) 
+ Wi*3 (x', X) q3 (X) dý2 (X) (3-56) 
and 
Cooz (X ) ua(x )+0, x, x)u(x)aT(x) 
+ uo*, 
ý, (X 
X)B [ko (1 - v) + vbßkyy] w3(X)d9(X) 
UO*, (x, x) t (x) dF (x) + UO*, (X, X) q, (X) d2 (X) (3.57) 
where denotes a Cauchy principal value integral, x', xE IF are source and field 
points respectively, and cij(x') are the jump terms. The value of cij(x) is equal to 
16jý when x' is located on a smooth boundary. 
Equations (3.56 - 3.57) represent five boundary integral equations, the first two 
in (3.56) (i =a=1,2) are for rotations, the third (i = 3) is for the out-of-plane 
displacement and two in (3.57) (a = 1,2) for in-plane displacements, which can be 
used to solve shear deformable shallow shell bending problems. 
By applying the divergence theorem, the last domain integral in (3.56) can be 
transferred to boundary integral, in the case of a uniform load (q3 = constant) to 
give: 
X X) q3 (X) d9 (X) = q3  
1 x)n, (x)d]F(x) 
in 
wi3 Vi* (X (3.58) 
where Vj* are the particular solutions of the equation Vj* 0= Wi*3. The expressions 70 
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for Vi* are: 
10 
[(4 In V* r2 z- 5)6,,, 3 + 2(4 In z- 3)r,,,, r, o] 1287rD 
v rr, o [32(2 In z- 1) _ Z2(1 - v)(4 In z- 5)] (3.59) ý*,, a 1287rD(l _ V)A2 
If q3 is not uniform, then this term cannot be taken out of the integral. The 
transformation of domain integrals for other distribution cases of q3 can be carried 
out by using the dual reciprocity technique, as explained in section 3.5. 
3.4 Numerical Implementation 
3.4.1 Discretisation 
In this thesis, quadratic isoparametric boundary elements are used to describe the 
geometry and the function along the boundary, while for the domain, quadratic 
quadrilateral isoparametric elements are used to describe the geometry and constant 
interpolations for the function. Semi- discontinuous elements are used for corners to 
avoid difficulties with discontinuity of the tractions at corners. 
Assuming that q3 is uniform, equation (3.31) can be rewritten in a discretised 
forms as: 
N, c 3 










Pi*i (X/ , x) (D' 
(e) J, (e) de 
Wij(x, x)e'(e)J, (e)de 
1-v 
Unm nm +n nm + 
2V 
nm nmbc,, 3 Y" k,,, 3B no u, 3mn un 2 ci 
n=l m=l 
Z=+l 
x Wi*3 (X/ , X) 
Vn (e) Jn (ý) de+ 







+Z k, oB-u 
N,: 1 _V k ln? 7=+l lPe=+l Wi3 (X', X) Jk (e, 77)dZd77 
k=l z=-l 
Nc 177-*2+1 ý--: +l 
+Ek, ßBVU, y i3y 
(x', X) Jk (e, 77) dZdri 
'n 
1, 
t k=l 77=-l z=-l 
k 
77=+l 4=+l 
-Z k, ßB [(l - V)ký, 0 + vbpk, y] w3 Wi*3 
(x' 
, 
X) Jk (eq) ded77 
k=l 
+qE vi*, r-t 
(x/ 
, x) n, (e) J (e) de (3-60) 
n=l 
le=-' 
and assuming q,, =0 equation (3.50) can be written as 
Me 3 e=+l 
1) uce (X/) +EZ nm *(i Coa (X u Toý ) (x', x) (Dm (e) J (e) de 
n=l m=I 
le=-l 
k UO*Q"3 (X/ 
'n 
>B [k,,, 3 
(1 - v) + vb, )3k-YY] W3 
X) Jk <&7 
k=l n=-l 




Uoc, ) (X/ 
ý X) 'DM 
(e) Jn (e) de 
where N, and N, are number of boundary elements and internal cells respectively, 





CW + 1) 2 
and for a semi-discont inuous element, with nodes are placed at ý=-2,0, + 1, as: 3 
1 S, W 
9 
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Figure 3-5: Shape functions for continuous and semi-discontinuous quadratic ele- 
ments. 




W= -Vý - -) 10 3 
, cD 232 S3 + ')(ý - -) 23 
4D3 
9 (3-64) S3 10 
ý(ý + 1) 
The position of the internal node in semi-discontinuous element is chosen arbitrarily 
at -2 or +2 not very close to the element end point to avoid near singularity 3 31 
problems. 





is the derivative of the global coordinates xO with respect to the local 
aý 
coordinate ý, and the normal as: 








Figure 3-6: Sequence of permutation tensor. 
where 6,,, 33 is the permutation tensor and is defined by the following set of rules: 
16a03 +17 if a,, 37 3 is a clockwise cyclic sequence 
6aý33 -1i if oz, 0,3 is an anti clockwise cyclic sequence 
and 
6a, 33 ý 0) if a,, 3,3 is an acyclic sequence 
The Jacobian of transformation for cell elements is defined as: 
Jk() =+ N2 + N3) 
where Nij is a minor of 
OX1(ý07) 49X2(ý07) DX3(ý07) 
C9 ý 0ý aý 
19xl (77) 19X2 (ý , 77) 
OX2 (ý) 77) 
(3-67) 
(3.68) 
For every collocation node, equations (3.60 - 3.61) will give the following linear 
system of equation in a matrix form: 










fW17W21W31 TIU=f U1, U21 T, P= {P1, P2, P3 IT and t= 
{tl, t2 IT are 
displacement and traction vectors for plate bending and plane stress formulations 
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respectively, b= 10,0, q3 IT is domain load vectors, HP, H', GP and G' are bound- 
ary element influence matrices for plate bending and plane stress formulations re- 
spectively, H', and H' are matrices which contain coupled terms between plate 
bending and plane stress formulations. The matrices HP, Hs, H', H', GP and G' 
then form shallow shell influence matrices. After performing all of the collocation 
process, equations (3.60 - 3.61) can be written as 
[H]5Nb, 
n+3Ninx5Nbn+3Nin 
f W15Nbn+3Ninx 1 
= [G]5Nbn+3Ninxl5Nbe IP115Nbexl + IQ15Nbn+3Ninxl (3.70) 
where [H] and [G] are the well-known boundary element influence matrices [28], 
ýwj is the boundary and domain displacement vector, jp} is the boundary traction 
vector, and JQJ is the domain load vector. Nbn, Nin and Nbe are number of 
boundary nodes, internal nodes and boundary elements respectively. 
After imposing boundary conditions, equation (3.70) can be written as: 
[A]5Nbn+3Ninx5Nbn+3Nin f X15Nbn+3Ninx 1 *,,: -- I 
bl5Nbn+3Ninxl (3.71) 
where [A] is the system matrix, jxj is the unknown vector and ýbj is the vector of 
prescribed boundary values. Using the LU decomposition, the system of algebraic 
equations can be solved for the boundary unknowns. 
3.4.2 M-eatment of singularities 
The boundary integral equations discussed above contain integrands with several 
different orders of singularities. These singular integrals are treated separately 
based 
on their order of singularity. In this thesis, all of the regular integrals are evaluated 
numerically using the standard Gauss quadrature formulae. The 
influence matrix 
[G] and the load vector matrix JQJ contain weakly singular integrals, which are 
treated using a nonlinear coordinate transformation as in Telles 
[128]. However, for 
better numerical accuracy, as it was shown by Okada et al. 
[93], a suitable number of 
element sub divisions must be used with the non-linear 
transformation. Therefore, 





Figure 3-7: Rigid body rotations. 
The influence matrix [H] contains strongly singular integrals, and in this work 
these integrals are computed indirectly by considering the generalised rigid body 
movements. This can be achieved as follows: 
If a traction-free problem is considered, five independent cases may be observed, 
that is, two rigid body rotations: 
0 UI=O, U2=0, Wl=CandW2=0, thenW3=-Cri 7 
0 Ul : --- 
01 U2 =: 0) W2 =C and w, = 0, then W3 = -Cr2 
as shown in Figure 3-7 and a rigid body out-of-plane translation: 
0 Ul =: 01 U2 == 01 W3= C, wl = 0, andW2 =0 
for the rotations and out-of-plane displacement integral equations, and two rigid 
body conditions for in-plane translations 
0 Ul=C, U2=OiWl=07W2= 0, and W3 =0 
0 U2 == C, Ul : -- 0, Wi : -- 0, W2 = 0, and W3 =0 
for the in-plane displacements integral equations. The term C is an arbitrary con- 
stant, and r,, denotes components of vector r in x,, coordinates. 
By applying the above cases to the system of equations in 
(3.70), the following 
expressions can be written: 
x) + (-r, )Pi*3(x', x)]aT(x) [Pi*ci (X 7 
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H i3 (X/) p*1 
ir 
i3 
(X x) aT (x) 
H 
ir 
Tý, (x , x) aT (x) (3.72) 
where H"(x'), H" (x') and H(3+0) (3+a) (XI) include the diagonal sub-matrix and the 
jump term cij in the influence matrix [H]. All terms in the integrals in equation 
(3.72) were already computed except the second term in the first integral. Fortu- 
nately, in the second term of the first integral, the distance rc, cancels the weak 
singularity in P, *3 and the strong singularity in P3*3 in the singular element under 
consideration. 
There are also weak singular terms in the domain integrals. When these integrals 
are computed numerically using cell discretisations, the weak singular kernels are 
treated using a triangle to square transformation technique as explained in Aliabadi 
and Rooke [8]. 
Details of the treatment of singularities using a nonlinear coordinate transfor- 
mation and triangle to square transformation are given in Appendix C. 
3.4.3 Boundary conditions 
There are three possible boundary conditions considered in this work, i. e. clamped, 
simply supported and free boundary. These boundary conditions can be summarised 
as follows: 
Clamped boundary condition 
Wt = 01 Wn = 01 W3 = 01 Ut = 07 and u,, =0 (3.73) 
Simply supported boundary condition 
Wt=Oi W3=Oi M,, =0 and (u, =0 or U2 = 
0) (3-74) 
The above boundary conditions are appropriate for shells and 
have also been 
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adopted in [131][80]. 
Free boundary condition 
Mt 01 Mn ý-- 01 P3 ý-- 0, Nt : -2 0, and 
3.5 Transformation of Domain Integrals 
N, = 01 (3.75) 
The domain integrals which appear in the boundary integral equations derived in sec- 
tion 3.2 can be transformed to boundary integrals with the use of the dual reciprocity 
technique [97]. Recently Wen, Aliabadi and Young [140] used the formulations de- 
veloped by Dirgantara and Aliabadi [36] and transformed the domain integrals into 
boundary integrals. The shell can be discretised into quadratic isoparametric bound- 
ary elements. 
With slightly different arrangements as written in section 3.2, to avoid the use 
of derivatives of the kernels Wj*3 and Uo*,,,, the integral equations (3.31) and (3-50) 
can be rewritten as follows : 
wi (X/) + 
ir 
Pi*j (X', x) wj (x) aT (x) = 
ir 
Wj*j (X', x)pj (x) dI(x) 
kaB' -V 
(u, 
(X) + u', ' (X) + 12v , 
uoý (X) baß) Wi*3 (X X) d9 2 
k, ßB «1 - v)k, 0 + Vbctok-y-y) W3 (X) Wi*3 
(X', X) d9 (X) 
s2 
* 1, X)q3(X)dý2(X) (3.76) +I Wi3(X 
f2 r, 
and 
uo (x) +( To(c')* (X', x) u. (x) aT (x) )F 
Ug* (x', x) B [k, ß (1 - v) + vb, ß ko, ý] W3 
(x) nß (x) aT (x) 
w., (X X) B [k, ß (1 - v) + vbß koo] w3, ß 
(X) dQ (X) 
u, * (X 17 x) (x) dj, (x) + UO*, (X', X) qdý2 
(X) (3.77) 
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By taking the point X' to the boundary, that is X' ---* X' E IF, and assuming 
displacements wj and uO satisfy H61der continuity, equation (3.76) can be written 
as follows: 
j (x x) wj (x) a cij W) wj W) + ný T (x) wi*, j (X x)pj (x) dr (x) 
wi; (XI , X) kOB 
v 
a, ß (X) + uß (X) + 
2v 
U, 0o (X) beß d9 (X) 2 
[u 
1-v1 
wi*ý, (x/, X) k, ßB «1 - v) k, ß + v6ß koo) W3 (X) d9 (X) 
+ Wi*3 (x', X) q3 (X) d9 (X) (3.78) 
2 
and equation (3.77) can be written as 
Coa W) uý, (x x, x) u, (x) dr (x) 
ir 
UO*, (x', x)B [ko (1 - v) + vb, Okoo]W3(x)nß(x)aT(x) 
- 
in 
Uý*, (x 1, X)B [ko (1 - v) + v6, ßkoo] W3, ß(X)d9(X) 
ir 
uo*a (X/ , x) t, 
(x) aT (x) + 
19 
UL (X/ ý X) q, 
(X) d9 (X) (3.79) 
If the membrane body forces q, = q2 = 0, in the boundary integral equations 
(3.78 - 3.79) there are six domain integrals as follows: 
TD 
1= Wi*3W3dQ, 
D 19U2 dQj 131 = wi 3 aX2 
D i9ul dQ 12L wi; oxi 
lD Wi*3q3dQ 4j. 
D 19W3 D1 1= d9 4 (9w3 d9 (3-80) 5 ua ,7 
19 
Ox, 19X2 
From the particular solution jb3 which satisfy the differential equation, mk7 
b, adj, 1,3 =0 and L 
b, adjb3 Lak 






b, adj are adjoint operator of original differential operator Lb ak 3k ik for 
plate bending problem in equation (3-9) and the boundary integral equations for 
plate bending problem becomes 
1)lb3 1=x1 x)p3 1 Cik(X mk(X) 
ir 
Wil (i 
mk (x) dIP (x) - 
ir Pil (X 
1 X), 
ým3k (X) aT (X) 
+I Wi*3 (3e, X)F,,, (r) dQ(X) 











(X) aT(X)] F-1W3 
(3.82) 
(3-83) 
The particular solution tb3 and p3 for radial basis function F, (r) =I+r were mk mk 
derived in [140] and are given in the Appendix D. Similar to the previous procedure, 
if 
b, adj, b3 .rb, adj ^3 
aF,, (r) X, Lak 
mk =0 and L3k Wmk axc,, r 
(3-84) 
the domain integral 
M 










Pilk (X/ i X)1. 
ým2k (x) dF (x)] F-1U2 (3.86) 
(X are given in the Appendix D. The particular solutions 7, 
ýmck 
k and PMk 
Domain integral ID can be solved like equation (3.83) by replacing W3 with q3, 4 
ir 
Pi*k(Xii X)l-ý. 1k (x) dIP (x)] F-lul (3-85) 




























i mk (x) aT (x)] F- 1 q3 (3.87) 
IP can be evaluated from the particular solution Q for two-dimensional plane 5 Ma 
stress elasticity problem, that satisfy the differential equation 
L' adjül aF, (r) - 
x, 
and L' adj ü1=0 (3-88) ma - ax, r 2a ma 
to give 
11 D=E cO(x')Ü' (x')- U*, ß(x', x)i, 1ß(x)dI(x) 5 mß 
ir 
1, 
+JT, *,, O(x', x)ftlo(x)aT(x) F-lW3 (3.89) m rI 
D2 The last domain integral 16 can be obtained from the particular solution M,, 
for 1 
two-dimensional plane stress elasticity problem, that satisfy the differential equation 
L adjü2 m, adj -2 
(r) X2 












(x', x) i2, n, 3 
(x) dF (x) 
m=1 
,ß 
(X X) ü2 ß (x) dIP (x) 
F -1W3 +I T* . 91) 
3.6 Internal Stress Resultants 
The stress resultants at domain point X' can be evaluated from (3.76 - 3.77) 
by 
using relationships in equations (2.44 - 2.46), substituting the term q3* in equation 
(3.8) to give: 




(X) aT (X) - 
ir 
Pa*ok (X/ 
, X) Wk 
(X) aT (X) 
99 
ý2 
ß3 (X/ i 
X) q3* d9 (X) ; (3-92) 
r 
Qß (X') Wk (X i X)Pk (X) aT (X) -1 Pý iX)Wk(X)aT(X) r Ok 
(X 




U, *ß(X', x)týy(x)aT(x)- T(i)*(xl x)u(x)aT(x) ir ir cß-y 1 
u',: 
' (X x) 
B [k, 
1 + vb, y 
koo] W3 (x) ny (x) aT (x) 
u. * (X 11 X)q, *ýd0(X) +B [(l - v)kß + vößkoo] W3 
(X/) (3-94) 
In the case of a uniform load , the domain integral 
fQ Wiý3 (XI 
I X) q3 
(X) dQ (X) in 
(3.92 - 3.93) can be transferred to boundary integral, by applying the divergence 
theorem, to give: 
Wiý3(XI, X)q3(X)d9(X)=q3 Qi*, (x', x)dr(x) (3-95) 
The kernels W* P* and Q* are linear combination of the first derivatives i)3k i0k io 
of Wj*ý, Pi*j and Vj* 
,0 
where the kernels U,, *, O,, and T, *,, 3,, are linear combination of the 10 
first derivatives of U, *,, o and T, *, * P* and Q* are [134]: The expression of Wijk7 ijk i)3 
wc*, O-y 
I 
[(4A(z) + 2zK, (z) +I- v) (6,3, yr,, + 47rr 
2(8A(z) + 2zKl (z) +I- v)r,, r, or,., + (4A(z) +1+ v)6, or,. y] 
Wa*, 33 
-(I V) 2 In z-16,,, 3 + 2r, ar, o 87T 
[( 




[B(z)byo - A(z)r, -, r, o] 2ýT 
I Wý*, 





V) f (4A(z) + 2zKl (z) +I- v) + 
47rr 
+ (4A(z)+1+3v)6,, On-, -(16A(z)+6zKl(z) + Z2KO(Z) +2- 
2v) 








- 2(8A(z)+2zKi(z)+1+V)(6eryr, n+nyr, ý, r3) 
+ 4(24A(z)+8ZK, (Z)+Z2. Ko(Z) +2- 2v)rr, ßrýr, n 1 
pa*ß3 D(l _ V), \2 [ (2 A (z) + zK1 (z» (r, 0 n + r, nß) 47rr- 
2(4A(z) + zKi(z»rr, ßr + 2A(z)b, ßr, nl 
-D(l - i/) 
x2 
[(2A(z) + zK, (z» (6ßr + r, nß) 
p3ß, 
y 47rr 
+ 2A(z)nyr, ß - 2(4A(z) + zKi(z»r, ^fr, or, nl 
D(I _ V)X2 [(Z 2 B(z) + 1)no - 
(Z2 A(z) + 2)r, or] (3.97) 
p3*P3 
47rr2 
Qa)3 1(4 In z- 3) [(l - v) (r,, 3n, + r,, n, 3) ++ 3v) b, or,, ] 647r 
+ 4[(l -+ vb,,, 3]r,, l 
Q* 1 30 - [(2 In z- 1)no + 2r, or, n] (3-98) 87r 
and the expressions for the kernels U, *,,, 8,,, and T* are 
ua*, 3 [(I - v) (6-fcr,, 3 + 6, y, 3r, c, +2 
(1 + v) 47r (3.99) 
T(')* 




6c,, 3r,, y +v 
(6-yr, o + 6-y, 3r, c, 
) 
-4 
(1 + v) r,, r,, 3r,,, ] 
+2v (ncr, or,, y + n, 3r,, r,., ) + (i - v) (2n-, r,,, r,, 3 + no6c,, y + n, 
60,. 
y) 
- (1 - 3v) ny6.01 (3-100) 
3.7 Evaluation of Boundary Stress Resultants 
The boundary stress resultants can be evaluated from the local tractions and by 
computing the generalised local strains on the boundary using displacement deriv- 
atives, and then make use of the stress result ant-strain relationships of shear de- 
formable shell as in two- or three-dimensional elasticity problems [8]. Consider the 
local coordinate system shown in Figure 3-8. The generalised displacements (wjO 







Figure 3-8: Local and global coordinate system at x'. 
related to those in global coordinate system, as follows: 
W? = e? - wi and uo = eo u 2 zj 0 0-f 
P? = e? pj and to = eo t 1 23 0 0^/ -Y 
tl 
(3-101) 
and the tensor e?. is the rotation matrix and can be written in terms of the known 23 
normal components by: 
ni n2 0 
0 e., . -n2 ni 0 
(3-102) 
001 
By considering the equilibrium of stress resultants in the local coordinate system, it 






No la to 
(3-103) 
a 
Other components of the local stress resultant tensor can be evaluated using 
relationships in equations (2.44 - 2.46) as follows: 
0 2) Wo M' =vp'+D(l-v 22 1 2,2 
QO 
D(I _ V), \2 0 0, 
2= 
[W2 + W3 21 
102 
0 P2 
N0- V2) 2B (1 V2 ' ":::: Vtj +- 2 IL20,2 +B ko wo (3-104) 22 3 
By considering Figure 3-8, one can find the following relationships [8]: 
(3-105) axo(xl) - J(xl) 2 
The displacement approximation in terms of the element shape functions (D k may 
be written as: 
wq I)kWqk 33 
0 q)kUok uo 0 (3.106) 
where Wqk and Uok are the local generalised boundary displacements. The displace- 30 
ment derivatives in equation (3.104) can then be rewritten in the following form: 
w9 = Dk Wgk = 
aq)k 
o. k« 
J, 2 2J«e,., w, i9XO W) 2 





,2 )2 0 -äe- eoYU ax0 (X, ) 
(3-107) 
2 
Using equation (3-107), the displacement derivatives can be computed. The local 
curvature term k02 can be obtained from the following transformation: 2 
k' = n2 
2 kil +n 12 k22 22 (3-108) 
and hence, the local boundary stress resultant tensor can be evaluated. The global 
stress resultant tensor can be evaluated via the following transformation: 
mo e', e', ß Al' 0y O-Y 
e0aQ0 Qck 00 
N, ß = eo eo N' a -yo 0--r (3-109) 
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3.8 Boundary Integrals of Shear Deformable Plate Bend- 
ing and Two-Dimensional Plane Stress 
If the shell under consideration is flat, thus the value of k1l = k22 = 0, all integrals 
which contain k,, o in equations (3-31) and (3-50) will be vanish and there are no 
coupling anymore between the plate bending and the plane stress formulations. The 
integrals in (3.31) will become integral representations of the shear deformable plate 
bending problems, and can be written as follows 
wi(X')+lPi*, lix)wj(x)dr(x)=lWi*, T (x) j(x j (X , x)pj 
(x) a 
X) q3 (X) d9 (X) + Wi3(X 
2 
and the integrals in (3.50) will become integral representation of the two-dimensional 
plane stress elasticity problems, 
') + TO*, (X' x) u, (x) dr (x) Uý (X', x) t, (x) dF (x) u0 (X 
Similarly as in the previous section, if the point X' is taken to the boundary, 
(X' --ý X' E r), and assuming that the displacements wj and u, are H61der conti- 
nuities, equation (3.110) for the source points on the boundary can be written as 
follows: 
cij (X/ ) wi (X, ) + Pi; (x/ , x) wj 
(x) dF (x) Wi*j (x' , x)pj 
(x) aT (x) 
Wi*3(x', X)q3(X)d9(X) (3-112) 
9 
and equation (3.111) can be written as 




The term cij (x') is equal to 1 bij when x' is located on a smooth boundary. 2 
The stress resultant components are obtained by differentiation of equation 
0 (3-110) with respect to the coordinate of the source point X' and then substituting 
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them into the stress result ant-displacement relations in equations (2-65) to give: 
Maß X) = 
ir 
Wc*, ßk(X/iX)Pk(X)aT(X) - 
ir 
Pc*, ßk(XI, X)Wk(X)aT(X) 
W. *, 
ý, 
(X 1 X)q3d9(X) 
r 
ßk (X X)Pk (X) a W3*, T(X) 








and by differentiation of equation (3.111) with respect to the coordinate of the source 
point X' followed by the application of equations (2.66) to obtain: 




(X', x) uy (x) dr (x) = 
ir 
U*, py (X', x) t-, (x) dIP (x) (3-116) 
In the case of a uniform domain load, the domain integral in (3.112) can be 
transferred to boundary integral using equation (3.58), and equation (3.95) for the 
transformation of domain integrals in (3.114 - 3.115). For other distribution cases 
of q3, the transformation of domain integrals can be carried out by using the dual 
reciprocity techniques, as explained in section 3.5. 
The kernels W. ý , U,,, O,, and T Pý- V*o 1 UO*a I T04*a 7 Wi*j k) Pi*j kQ are the same T3 1 131 Z, io 
as the kernels for shallow shell formulation and have been listed in the section 3.6. 
3.9 Numerical Examples 
Several numerical examples are presented to demonstrate the ability of the pro- 
posed method to solve shallow shell problems with different geometries, loadings 
and boundary conditions. All possible boundary conditions i. e. clamped, simply 
supported and free edge are tested. 
3.9.1 Circular shallow spherical shell: uniformly loaded 
In this example, a shallow spherical cap as shown in Figure 3-9 is analysed. 
The 
geometric and material Properties of the cap is as follows: a=5; 





Figure 3-9: Circular shallow spherical shell: uhiformly loaded. (a) clamped edge; (b) simply supported edge. 
kil = k22 = 11R, where a/R = 0.05. The cap is loaded with uniform pressure 
qO with the ratio of E1qO = 210000 and Poisson's ratio v=0.3. Two types of 
boundary conditions are employed here, i. e. clamped and simply supported. For 
the clamped edge problem, the boundary conditions are wi = 0, and u, =0 along 
the boundary, while for the simply supported edge, -A/In = 
0) W3 = 0, and U2 =0 
along the boundary. 
Three different BEM meshes are being used. Mesh A has 8 boundary elements 
and 9 cells, Mesh B has 12 boundary elements and 30 cells, Mesh C has 16 quadratic 
boundary elements and 81 constant cells. 
For comparison, FEM analyses are also being performed. The analysis is carried 
out using a commercial software package. The shell element formulation used in 
this software package is a 4-node linear element which is a combination of mem- 
brane and plate bending behaviour. The membrane is an isoparametric formulation 
including translational in-plane stiffness components and a rotational component in 
the direction normal to the plane of the element [1271, and the plate bending be- 
haviour include two out-of-plane rotational stiffness components and a translational 
in the direction normal to the plane of the element. The analysis does not include 
any effect of shear deformation [21]. Element forces, in element local coordinate 
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system, are evaluated at the integration points and extrapolated to the joints of the 
element. Three FEM meshes are analysed, Mesh D has 120 elements, Mesh E has 
240 elements, and Mesh F has 540 elements. 
(a) (b) (c) 
(d) (e) (: 1) 
Figure 3-10: BEM and FEM mesh. 
Table 3.1: Boundary results of the clamped circular shell. 
Clamped BEM FE NI 
mesh A mesh B mesh C mesh D mesh E mesh F 
Alý/ (a2qo) 0.05658 0.06186 0.06028 0.05658 0.05911 0.05966 
Q,, I (aqo) 0.22300 0.29331 0.28588 -- -- -- 
N,, I (aqo) 6.42208 4.63500 4.54572 4.5880 4.6358 4.5758 
Tables 3.1 - 3.2 and Figures 3-11 - 3-12 show the results of this example. All 
three BEM meshes show good agreement with FEM mesh F for clamped edge and 
FEM mesh E for simply supported edge. It can be seen that using the present 
formulation convergence can be achieved with only small number of elements and 
cells, while in FEM convergence was achieved after comparatively larger number of 
elements. 
Next, comparison are made between the cell BEM formulation and the dual 
,41 -0 
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Figure 3-11: Out-of-plane displacement along the centre line of the clamped shallow 
spherical shell. 
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Figure 3-12: Out-of-plane displacement along the centre line of the simply supported 
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Figure 3-13: Out-of-plane displacement at the centre of clamped spherical shell for 
different ratio of a/R. 
Table 3.2: Boundary results of the simply supported circular shell. 
Simply supported BEM FEM 
mesh A mesh B mesh C mesh D mesh E mesh F 
On 0.11142 0.16491 0.16956 0.1618 0.1722 0.1748 
Qn/ (aqo) 0.68831 0.68219 0.72014 -- -- -- 
Nn I (aqo) 14.4539 11.8307 11.2759 10.3358 10.6640 10.6814 
reciprocity technique. The clamped spherical shells for different ratios of aIR and 
loaded with uniform internal pressure are analysed next. The properties of these 
caps are the same as before, except the curvature of the shells are varied within the 
range of akll = ak22 = aIR = 0.0 - 1.0, where the ratio aIR = 0.0 represents a 
flat circular plate and a/R = 1.0 represents half of a sphere. The mesh used for 
BEM with cells included 16 boundary elements and 81 constant cells, and the mesh 
for BEM with the dual reciprocity technique included 16 boundary elements and 
81 
domain points. In the tests carried out, both BEM models were found to 
be in very 
good agreement (< 1%) with each other and the FEM mesh F, as can 
be seen in 
Figure 3-13. 
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3.9.2 Circular shallow spherical shell with a hole in the centre 
I qo 
kel) (b) 
Figure 3-14: Clamped circular shallow spherical shell with a hole in the centre: (a) 
uniform internal pressure; (b) vertical shear force stress resultant along the hole 
edge. 
In this example, a shallow spherical cap with a hole in the centre as shown in 
Figure 3-14 is being analysed. The properties of the caps are as follows a=5; 
h/a = 0.02; b/a = 0.1; akll = ak22 = 0.025; Elqo = 210000 and v=0.3. Two 
loading conditions are being considered, (a) uniform internal pressure qo and (b) 
vertical shear force stress resultant Q along the hole edge with Ql(bqo) = 2. 
Table 3.3: Boundary results of the clamped circular shells with a hole: uniform 
pressure. 
BEM FEM A 
outer boundary - 
Mnl (a2qo) -0.096426 -0.096200 0.23 % 
Qn/ (aqo) -0.405596 -- -- 
Nn I (aqo) 3.737920 3.943600 5.22 % 
inner boundary - 
On 0.073891 0.076162 2.98 % 
w/a 0.079343 0.080566 1.52 % 
A BEM mesh with 32 quadratic boundary elements and 80 constant cells are 
used to model the caps and are compared with a FEM mesh with 240 elements. 
Tables 3.3 - 3.4 and Figure 3-15 show the result of this example. As it can be seen, 
the BEM results are in good agreement with FEM results, the maximum difference 
between those two models are 6.94 % for the membrane stress resultant. 
The shallow spherical cap with a hole in the centre loaded by uniform pressure as 
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(b) vertical shear stress resultant along the hole edge 
Figure 3-15: Out-of-plane displacement along the centre line of the clamped circular 
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Figure 3-16: Displacements and stress resultants along the xi - axis of the clamped 
circular shallow spherical shell with a hole in the centre, uniformly loaded. 
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Figure 3-17: Displacements and stress resultants along the xi- axis of the clamped 
circular shallow spherical shell with a hole in the centre, uniformly loaded. 
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Table 3.4: Boundary results of the clamped circular shells With a hole: vertical shear force stress resultant along the hole edge. 
BEM FEM 
outer boundary - 
Mn/ (a2 q0) -0-006892 -0-006921 0.42 % Qn/ (aqo) -0-008632 -- -- Nn/ (aqo) 0.474654 0.510060 6.94% 
inner boundary - 
On 0.0289094 0.029175 0.91 % 
w/a 0.014777 0.014962 1.23 %_ 
A BEM mesh with 32 quadratic boundary elements and 32 domain points are used 
to model the caps and are compared with the Domain-BEM mesh with 32 quadratic 
boundary elements and 80 constant cells and a FEM mesh with 240 elements. 
Figures 3-16(a) - 3-17(f) show the results of this example modelled using the 
dual reciprocity technique. As it can be seen, the BEM results from both of BENI 
models are in very good agreement with each other and those obtained using FEM. 
It can also be seen in Figure 3-17(e) that FEM model fails to give zero value for 
membrane stress resultant at free boundary, because the forces at the element joints 
are extrapolated from the element forces evaluated at integration points. 
3.9.3 Simply supported square shallow spherical shell: uniformly 
loaded 
In this example, a square shallow spherical cap as shown in Figure 3-18 is being 
analysed. This problem will demonstrate the ability of the proposed method in 
solving problems which involve the effect of transverse shear deformation. Several 
shells with different thickness h were analysed. The properties of the caps are as 
follows: a= 16; h/a = 0.02,0.10,0.20 and 0.40; akIl = ak22 - aIR = 1/6; 
Elq = 10' and v=0-3. For the simply supported edge, Mn =0, W3 = 
0, and U2 = 
along the boundary. 
Three different BEM meshes are used. Mesh A has 20 boundary elements and 
25 cells, Mesh B has 28 boundary elements and 49 cells, Mesh 
C has 36 quadratic 
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Figure 3-19: DisPacements along xi - axis for the simply supported shallow spherical 
shell. 
Figure 3-18: Simply supported square shallow shell: uniformly loaded. 
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Figure 3-20: Stress resultants along xi- axis for the simply supported shallow 
spherical shell. 
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Table 3.5: Normalised deflection w/a (at x=0, y= 0) of a simply supported square 
spherical shell: uniformly loaded (w/a x 103). 
h/a 0.0200 0.1000 0.2000 0.4000 
BEM (20 elms-25 cells) 19.1731 2.9896 0.6816 0.1180 
BEM (28 elms-49 cells) 19.3988 3.0320 0.6860 0.1183 
BEM (36 elms-81 cells) 19.4850 3.0502 0.6879 0.1184 
BEM (20 elms-25 points) 19.4331 3.0224 0.6893 0.1213 
BEM (20 elms-49 points) 19.4569 3.0491 0.6924 0.1216 
BEM (32 elms-49 points) 19.5850 3.0528 0.6926 0.1216 
Exact - SDT (Reddy [105] 19-6163 3.1059 0.7041 0.1235 
Exact - CT (Reddy [105] ) 19.6206 3.0952 0.6795 0.1042 
SDT= Shear deformable theory; CT= Classical theory 
This example is also analysed using the dual reciprocity technique. Three dif- 
ferent BEM meshes are used. Mesh D has 20 boundary elements and 25 domain 
points, Mesh E has 20 boundary elements and 49 domain points and Mesh F has 32 
boundary elements and 49 domain points. 
Table 3.5 and Figure 3-20 show the results of this example. All the results 
from the BEM meshes show good agreement with exact solutions [105] and an FEM 
model with 1024 elements. Comparison of shear deformation theory and classical 
theory shows that the effect of shear deformation is significant for h/a bigger than 
0.2. The differences between classical theory to shear deformation theory are 0.35% 
for h/a = 0.1; 3.6% for h/a = 0.2 and 18.6% for h/a = 0.4. It can be seen that 
using the present formulation convergence can be achieved with only small number 
of elements and cells or domain points. 
3.9.4 Simply supported square shallow cylindrical shell: uniformly 
loaded 
In this example, a square shallow cylindrical shell as shown in Figure 
3-21 is analysed. 
The properties of the shell is the same as in the previous example except 
h1a = 0.02 
and the curvature akil = 1/6; ak22 = 
0- 
Three different BEM meshes are used. Mesh A has 20 boundary elements and 
25 cells, Mesh B has 28 boundary elements and 49 cells, 





Figure 3-21: BEM model of a square shallow cylindrical shell: (a) cell discretization; (b) dual reciprocity technique. 
boundary elements and 81 constant cells. For comparison four FEM meshes are also 
used, Mesh D has 256 linear shell elements, Mesh E has 576 elements, Mesh F has 
1024 elements, Mesh G has 1600 elements. 
This example is also analysed using the dual reciprocity technique. Four different 
meshes are being used. Mesh H has 20 boundary elements and 25 domain points, 
Mesh J has 20 boundary elements and 49 domain points, Mesh K has 32 boundary 
elements and 81 domain points and Mesh L has 32 boundary elements and 121 
domain points. 
Table 3.6 presents the results of this example. As it can be seen, the BEM results 
are in good agreement with each other and the FEM results. 
Generally, computer time taken to solve the problems using the dual reciprocity 
technique are about three to four times longer compare to the solution time using 
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Table 3-6: Deflection w/a (at x=0, y= 0) of a simply supported square cylindrical 
shell: uniformly loaded. 
w 
BEM (20 elms -5x5 cells) 0.176074 
BEM (28 elms -7x7 cells) 0.182253 
BEM (36 elms -9x9 cells) 0.184099 
BEM (20 elms -5x5 points) 0.159019 
BEM (20 elms -7x7 points) 0.170458 
BEM (32 elms -9x9 points) 0.177511 
BEM (32 elms - 11 x 11 points) 0.179903 
FEM (16 x 16 elms) 0.168244 
FEM (24 x 24 elms) 0.173103 
FEM (32 x 32 elms) 0.175734 
FEM (40 x 40 elms) 0.177395 
cell discretisation for models with the same number of boundary elements as well as 
same number of cells and domain points, but with the ability of computer processors 
today, the solution times for all above examples are less than 2 minutes on Pentium 
111650 Mhz, 256 MB RAM, therefore solution time is not an issue any more. The 
more important issue is the time spent on data preparation. 
3.9.5 Rectangular plate with a rectangular opening 
An example for a flat plate is presented here. In this example, a rectangular 
plate with a rectangular opening as shown in Figure 3-22 is considered. The plate 
is clamped on two sides and hinged on two other sides. The plate thickness is 0.16 
m and the material properties are E=3x 107 kN/m 
2 and v=0.2. A uniform load 
of 10 kN/M2 is considered as the applied load. A mesh of 46 boundary elements 
was used for the boundary element analysis, 8 and 5 elements for longer and shorter 
sides of the outer boundary respectively and 6 and 4 elements for 
longer and shorter 
sides of the opening respectively. 
Figures 3-23 - 3-26 show the out-of-plane 
displacement and bending moments 
along the lines A-A and B-B. The results are plotted together with 
the results 
of the boundary elements based on the Kirchhoff plate theory and 
finite element 
analysis given by Hartmann [59]. The results show, 
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Figure 3-25: Bending stress resultant M22 along cross section B-B. 
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Figure 3-26: Out-of-plane displacement W3 along cross section B-B. 
are nearly the same in the three models. 
3.10 Summary 
Boundary element formulation for the shear deformable shell was presented in this 
chapter. The formulation was developed by coupling boundary element formulations 
of shear deformable plate bending and two dimensional plane stress elasticity. As 
a result five independent integral equations were obtained, which contained domain 
integrals as well as boundary integrals. The singular integrals were treated indi- 
vidually based on the order of singularity. The weakly singular boundary integrals 
were treated using the non-linear coordinate transformation, while the strongly sin- 
gular integrals were computed indirectly using generalised rigid body movement. 
The domain integrals were treated in two different ways, firstly they were treated 
numerically using constant cell elements, and triangle to square transformation was 
used for the weakly singular domain integrals, then secondly they were transformed 
to the boundary using the dual reciprocity technique. Also presented in this chapter 
were boundary element formulations for analyses of shear deformable plate bending 
and two-dimensional plane stress. 
..... I ........... ff - I11 . 13 
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Several numerical examples were presented to test the ability of the proposed 
method to solve shallow shell problems with various geometry, loading (internal 
pressure and boundary force) and boundary condition (clamped, simply supported 
and free edge). It was shown that the proposed method yields accurate results for 
comparatively few elements. 
In the next chapter, derivation of hypersingular boundary integral equations for 






Since late 1980s, the stress based boundary integral equations, or the hypersingular 
integral equations have been developed by several researchers. The main applications 
of these integral equations are in the dual boundary element method for modelling 
cracks in single domain (see for example, Portela et al. [100] for 2-D, and Mi and 
Aliabadi [83] for 3-D crack problems) and the direct evaluation of the boundary 
stress tensor (see for example, Huber et al. [64], and Wilde and Aliabadi [1431). 
Recently, derivation of the hypersingular integral equations for Reissner plates 
have been reported independently by Rashed, Aliabadi and Brebbia [103] and Ahmadi- 
Brooghani and Wearing [5]. Rashed et al. [103] presented the complete derivation 
of the hypersingular equations and demonstrated procedures for treating the hyper- 
singular integrals for general boundaries. Ahmadi-Brooghani and Wearing [5] used 
the hypersingular formulation in the context of the dual boundary element method 
for the solution of crack problems. Later, the hypersingular integral equations 
for 
shear deformable shallow shell have been derived by Dirgantara and 
Aliabadi [42]. 
This chapter presents the derivation of traction integral equations 
(hypersingu- 
lar integral equations) for shear deformable shallow shells. Strongly singular and 
hypersingular integrals are treated using a singularity subtraction method based on 
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the Taylor series expansion. Also presented are traction integral equations of shear 
deformable plates bending and two-dimensional plane stress. These integral equa- 
tions together with displacement integral equations are employed in the next chapter 
to form the dual boundary element formulation for fracture mechanics analyses of 
shear deformable shell and plate loaded by a combination of bending and tension. 
4.2 Hypersingular Integral Equations for Shear Deformable 
Shallow Shells 
The stress resultant boundary integral equations are formed by considering the be- 
haviour of equations (3.92 - 3.94) as V approaches x' on boundary r. A semi- 
circular domain with boundary IF* is constructed around the point x, as shown in e 
Figure 3-4. Taking the limit as V --+ x', equations (3.92 - 3.94) can be rewritten 
as follows: 
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Equations (4.1) and (4.2) represent the bending and shear stress resultant bound- 
ary integral equations respectively, while equations (4-3) represent the membrane 
stress resultant boundary integral equations at the boundary point x'. 
In the limits, the kernels exhibit different orders of singularity. The terms P* "'0', 
P* are hypersingular of 0 (1/r 
2+ in(r)) and T('), * are hypersingular of 0 (1/r 
2), 
3,33 Q, 3-Y 
while P., 331 P30-y' Wa, 3^tl W3031 Q,,,, 3, and U,,,,,, y are strongly singular of 
0 (1/r). Other 4 
and Q* remaining terms, namely W, are weakly singular. a, 331 
W3*, 
3-t 3 
The generalised displacements wi and u,, are required to be C', ', (0 <a< 1), 
and the generalised tractions pi and t, are required to be CO, ', (0 <a< 1), for 
the principal-value integrals to exist. To satisfy those continuity requirements, the 
point x' is assumed to be on a smooth boundary. The evaluation of the integrals in 
equations (4.1) and (4.3) is reported in the Appendix B. In the limiting processes, 
some integrals in equations (4.1) and (4.3) lead to a jump on the stress resultants. 
Taking into account all the limits and the jump terms, as F ---+ 0, for a source point 
on a smooth boundary, stress resultant integral equations are obtained as follows : 
I 
P, *,, 3-, (x', x)w., (x)d]F(x) + T(x) Nlct 3 




Wjo-, (X X)P-y(X)aT(X) + W., ß3(XI, X)P3(x)d]P(x) 
r r, 
X)q3*dý2(X); (4.4) Wa*, i33(Xii 3 
QO(XI)+f P*(x1, x)w-, (x)dF(x)+ p3*3(X', X)W3(X)aT(X) 2., r 
x)p,, (x)dF(x) + W3*03(X', X)P3(X)aT(X) W (XI 








-N, 0(xý)+ *) * (x' , x) u-, (x) dr (x) 2 
r, 
U, *ßy (X', x) B [ky (1 - koo] W3 (x) n (x) aT (x) r 
Uc,, 3-y (X', X) t-Y X dr X+U, *, Oy (x', X) q, *y dQ (X) r 
in 
2B v) 
k, p + v6,,, 3 koo] W3 (X 
where denotes the Hadamard principal value integral [57]. 
(4-6) 
Equations (4.4), (4.5) and (4.6) represent five stress resultant integral equations 
for boundary point x' on a smooth boundary IF. 
4.3 The Traction Integral Equations 
Multiplying equations (4.4), (4.5) and (4.6) by the outward normal n, 3 at the source 
point x', and substituting equations (3.6 - 3.8) for qi*, the following integral equa- 
tions are obtained: 
1 
Pý*03 W, pa ( ') + no(x 
ir 
P, *ßy (x', x) wy (x) aT (x) + n, 3 (x') 
ir 
Ck X) W3 
(X) aT (X) 




-nß(xl) koý, B 
1-v 
UOýp (X) + uý), 0 (X) + 
2v 
uo, (ý 
(X) boý» Wa*ß3 (X/ , X) 
dQ (X) 12 
2(1-v 
- no (x') kop B «1 - v) koýb + vbop 
koo) w3 (X) Wa*03 (X/ , 




W, *ß3(XI, X)q3dQ(X) (4.7) 
1 
P3(Xf)+no(xl) P3*, 3-, (x', x)w-, 








-no(xl) koý, B 
1-v 
uo» (X) + uýP, 0 (X) + 
2v 
Uo,. o (X) boo) W3*ß3 (X/ , X) 





koý, B «1 - v) kop + vboý, kok) w3 (X) W3ß3 (x' , 
X) df2 (X) 
xl, X)q, 3d9(X) (4.8) 
and 
ta (x') + n, 3 (x') T. 
(') * (x 1, x) uy (x) dr (x) 





U*, ß (x', X) B [koý, (1 - v) + vboý, koo] W3, ß (X) d9 (X) 
nß (x') 
ir 
U*, ßy (x', x) t, (x) aT (x) + nß (x') 
19 
U, *, ßy (x, X) qy d9 (X) 
I 
n, 3(X')B [(I - V)koV, + v6opk, 0,0] W3(XI) (4.9) 2 
Equations (4.7 - 4.9) represent five integral equations in terms of boundary 
tractions, and can be used together with the five displacement integral equations in 
equations (3.56 - 3.57) to form the dual boundary integral formulation as described 
in chapter 5. 
0 4.4 Evaluation of Domain Integrals Using the Dual Reci- 
procity Technique 
Domain integrals in the hypersingular integral equations can be transformed to 
boundary integrals using the dual reciprocity technique results of the displacement 
boundary integral equations. To evaluate internal stress resultants using integral 
equations (4.7 - 4.9) there are six domain integrals as 
follows: 
no(x')17D = n, 3(x') 
Wiý3WAQ, 
iD1* 19U2 n, ß (x ) Ig' = no (x ) 
in Wiýß3 
0X2 d91 
D '9W3 dQ n, ß (x') Ij ,= nß (x) 
12 ua*pl 
ax, 
1). rD = no(x /) 










a nDU; 02 , 3(xl)112 
= n, 3(x') 
in 
aX2 
Using the same particular solutions tb3 and p3 as 
in displacement integral 
mk mk 
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equations, the stress resultant integral equations for plate bending problems can be 
written as 
p* T(x) cýißl(3e, x)ib3, f(x)a - 
4ýo x' 
r+p 







(x) dF (x) + X)p3 " _t 











p* 1 X), b3 X, ) +I 3ßy(x1, x)ib3, Y(x)d'F(x)+ 
Pý*, ý (x 3(x)dF(x) mß mm 2 
W3*ßy W, X)P3 (x)aT X)ý3 03 (X m3(X)aT(X) r MIY 
(X) +I W3 
2 
p3 (x, X) F, (r) d9 (X) (4.12) +I 
W3 
gý ý 
which implies that 
r 
DM[1.1ý'Ir3 3 
,,, O, y 






(X/, X)ý3 T(x) Pa*03 W, X) lbr3n3 (x) aT (x) (x)a m 
r 
ir 
X)ý3 T(x) F-1W3 (4.13) Wciß3 (X/ .3 (x) a 
and 1 





(X) a no (x') I7D = no (x') 
t Iv 
30 (X') + P3*j m 2 
X), jJ3 
1 p3 P3*P3 (X/ m3 
(x) aT (x) - W3*0-y 
(X 
i X) rn-y 






ious procedure for the particular solutions 7, ýr and 
PO'k, 
nk M Similar to the prev 0' 
the 
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domain integral I'D 8 
nß (x') I8D == nß (x') 
[lüýmiaß(XI)+ 
rpa4ßl(x 
,, x) li) 1 . -, 
(x)aT(x) 
(x/ 








(X) aT N] (4.15) 
and 
p* nß (x') I8D = nß (x') 0(X1) +IF 31 2r 3-y 
(x' x) zý (x) aT (x) 
m=l 
ý,, 3 




x)Pml-f (x) aT (x) 
r 
w -lul (4-16) 
r 
33(X/7X)Pml3(x)aT(x)] F 
The domain integral T9D 
ij, 
m2e, 0 
(X, ) + p*" (X 1 no 
(x') I9D = nß (x 1) 
1, 
X)ID2 2 m-Y(x)dF(x) 
m=l 
1 
X) 7_ý M2 
W* Pa03 (XI 
3(x)aT(x) - no(x') aa_t 
(XI, X)p2 (x)aT(x) 
M-f 





n, 3(x = n, 3 (x 3 , 




3 + P* 3 (X/ý X)tb2 -n W* 'y 
(Xt, X)p2 (X)aT(X) .3 
(x) aT (x) 3 (X') 3 M-Y 30, 
Ir 
W* X)p2 (x) aT (x) F (4-18) 3,33 (X/ 1 m3 
I 
-lU2 
Domain integral ID can be obtained from equations (4.13 - 4.14) by replacing Uý3 10 0 
with q3 to give 
p*OY(XilX), b3 T(x) no (x') IjDo = n, 3 (x') 











_ W* ciß_f 
(X/, X)ý3  
(x) aT (x) ir ir 
m 
w X)pM3 a, 33(XI) 3(x)dr(x)] F-lq3 (4.19) 
and 












1 X)ý3 (X)aT(x) 
1 )p3 w* 
m3(x)dr(x) F-'q3 , , (x x1 (4.20) 
ID can be evaluated from the particular solutions fil and t-1 for two-dimensional 11 MCf Ma 
plane stress elasticity problem, to give 
np (x') ID, = nß (x') 
[ 
-1ýrlnaß 
W) (x', x) i, ny 
(x) aT (x) -2 
M=l 
+ 7(')'(xl X)ül 
ir 
aß-y 1 . -y 
(x) dr (x)] F-1W3 
1 
(4.21) 
IJD The last domain integral 2 can be obtained from the particular solution f, 2 Ma 
and i'- to give ma) 
Ai 
n, ß(x')I, D2= no (x/) (X, ) U"* (x) dIP (x) 
r 
(x', x) i2, 
2r 
m=l 
x X)ü2 (x) aT (x) F-1W3 (4.22) rn-y 
4.5 Numerical Implementation 
The geometry is approximated by continuous quadratic boundary elements. How- 
ever for the unknown function, discontinuous elements are employed to satisfy the 
assumed continuity requirements for the boundary variables. 








/-2/3 0 +2/ 
Figure 4-1: Quadratic shape functions for discontinous elements 
nodes are placed at ý=-2,0, +2 are given as: 33 




(e) (1 - e)(1 + ýe) 
33 
ei (e) = e( i ýVI) 
(4.23) 
As in semi-discontinuous element, the position of the internal node in discontinuous 
element is chosen arbitrarily but equally spaced at -2,0,4, not very close to the 33 
element end point to avoid near singularity problems. 






= [G]5(Nbn+Nin)xl5NbefPI15Nbexl+fQI5(Nbn+Nin)xl (4.24) 
where [H] and [G] are the well-known boundary element influence matrices [28], {wj 
and {pj are the boundary displacement and traction vectors respectively, and M 
is the domain load vector. By imposing the boundary conditions (see Section 3.5), 
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where [A] is the system matrix, jxj is the vector of unknowns and f b} is the vector 
of prescribed boundary values. The system of algebraic equations can be solved for 
the boundary unknowns. 
It has to be noted that the determinant of the matrix [A] is large, due to the 
higher order of singularity in the kernels. To avoid numerical inaccuracies, the [H] 
matrix is scaled by the modulus of elasticity. This scaling process is useful when both 
of the displacement and the traction boundary integral equations are used together. 
4.5.1 Treatment of singularities 
In the traction integral equations, the singularity order is higher than the displace- 
and P30. y are strongly ment 
integral equations. In the [H] matrix, the kernels P., 33 
singular, whereas, the kernels P, *p,,, P* and T(')* are hypersingular. In the off- 3,33 QO-Y 
diagonal sub-matrices, the shape functions will reduce the order of singularity by 
one. This means that, element entries in [H] matrix corresponding to the kernels 
and P become smooth, whereas elements of the kernels P,,, 3-,, and Pa, 33 30-y 
P303 
T('), * still remain strongly singular. QO-Y 
In [G] matrix, the off-diagonal sub-matrices are smooth again due to the shape 
functions reducing the order of singularity. The diagonal matrices, on the other 
hand, contain the kernels W and W* which are weakly singular and the TV* a, 83 3,8-y 
W* and U* which are strongly singular. 303 Q'3-Y 
The singular integrals mentioned above are treated individually 
based on their 
order of singularity. The weak singularity is treated using a nonlinear coordinate 
transformation as in Telles [128]. The strong-singular and the hypersingular 
integrals 
are evaluated using a singularity subtraction method 
based on the Taylor series 
expansion around the singular point, as in Portela, 
Aliabadi and Rooke [100], and 
the singular terms are integrated analytically. 
As an example, the integral which contains strongly singular 
kernel of 0 (1/7') 
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can be regularised as follows: 
fin 
j(x', X)wj(x)dT(x)=w7ý Pi, dý (4.26) 3 
where fn (ý) = pý. (ý/' ý), (Dn (ý) j(ý) r, denotes the boundary of the singular 13 tj 
element, Dn is the element shape function corresponding to the node n in the element 
under consideration and J is the Jacobian of the transformation from x,,, coordinate 
system to the local coordinate system ý (i. e., aT = J(ý)<)- The term fi'j (ý) is now 
a regular function. The integral in the right hand side of equation (4.26) can be 
regularised with the aid of a Taylor series expansion of the function fj'j(ý) about the tj 
singular point ý' in the local coordinate system, as follows: 
i j(ý) = 
fil fin nnI in// j(ýI) +f ij +2f ij 
2+ (4.27) 
By substracting the first term of the Taylor expansion of the function fjnj(ý) and 
then adding it again, equation (4.26) can be written as 
1 fn 1 fin fn 
ij 
+1j 
jIf in <= 
J- 
I ý%, I ij 
(4.28) 
The first integral in the right hand side is now regular and the second integral 




The hypersingular integrals of 0 (1/r') can be treated in a similar way, 
*, * (x' x) u.. y 
(x) dF (x) =y 
+I 9cßýy (e) de (4-30) T, un ei)2 
where '= T(')* (ý', 
ý)qýn(ý)j(ý) ý1)2 is a regular function. The integral 9a, 3, Y 
(6) 
apy 
on the right hand side of equation can be regularised with 
the aid of the first and 
second term of a Taylor series expansion of the 
function gn -, 
(ý) about the singular a, 3 
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point ( in the local coordinate system, as follows: 
n 
_, 
(ý) = gn,, _, 
(ýi) + gn 
1 
n, 3 
2ý gcf, 3 Q aoly, 
W) (ý - e) +2 9cl (4-31) 
By substracting the first and the second terms of the Taylor expansion of the 
function g, 'p., (ý) and then adding it again, equation (4-30) can be written as 










) 2 C", y ý-ý / 
where g', 3 ' denotes the first derivatives of g',,,,. At the collocation point the function a -Y 
n is required to have continuity of its second derivatives, or at least have a H61der- ga)3-y 
continuous first derivatives, for the finite part integrals to exist. The requirement 
is automatically satisfied by the use of discontinuous elements, since the nodes are 
internal to the element. In equation (4.32) the first integral on the right hand side is 
now regular, and the third integral is identical with the one given in equation (4.28). 
The second integral on the right hand side is hypersingular and can be integrated 
analytically to give, 
(4-33) -Ti -+e) 
ar of 0 The last type of singularity observed is hypersingul 
(r2 
+ In (r) This 
type of singularity can be treated in a similar way to the hypersingular 
integral 
of 0 (1/r 2) except there is an additional weakly singular term to 
be treated. The 
integral is given as 
", ßy x) w 
i 
p* y 
(x) dF (X) =: Wy 
The hypersingular integrals can be solved as follows 
p, *ý3_f (6t, j(6) g ct 
(4-34) 
135 
gcn Po*o'g /I+ gn, 3,, 
/(ý/) 
hn In (ý e) 2 ceo 
+g n 
dý 
+g n +hn In < (4-35) ao-Y 
W) 
- 




PC" where g' * _t 
q)n (ý) j2 on which P*' are part of the 
kernels which contain 1/r2. The term hn P*2 ý)q)n(ý)j(ý)/ In 0 C"3-Y 
and Pc*, p2, y(ý', 
ý) are part of the kernels which contain In The functions 
Q 
and hnc,, 3, y 
(ý) are regular and can be expanded in terms of a Taylor series expansion 
about the singular point 6' as before. 
The first integral on the right hand side of equation (4.35) is now regular, the 
second integral on the right hand side which is hypersingular can be solved ana- 
lytically using (4.33), the third integral is identical with the one given in equation 
(4.28). The last integral on the right hand side which is weakly singular can be 
integrated analytically to give, 
+1 In <= In I (I - () (1 + ý'In +2 (4-36) 
Detailed derivation of fi'j (ý'), g,,,, 8, y 
(ý') and hnoy (ý, ) can be found in Appendix 
C. 
4.6 M-action Integral Equations of Shear Deformable 
Plate Bending and Two-Dimensional Plane Stress 
If the shell under consideration is flat, the values of k1l = k22= 0, therefore all in- 
tegrals which contain k, O in equations (4.4 - 4.6) will be vanished and the integral 
equations are reduced to the uncoupled plate bending and the plane stress formula- 
tions. The integrals in (4.4 - 4-5) become hypersingular integral representations of 
the shear deformable plate bending problems, and can be written as 
follows 
1 




(X) aT (X) - P*ßk 
(X/ 
7 X)Wk (x) aT (x) 
r 
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+ W. *wX X) q3* d9 (X) 








and the integrals in equation (4.6) become hypersingular integral representations of 
the two-dimensional plane stress elasticity problems, 
1 





The corresponding traction integral equations for the integral equations in (4.37 
- 4.39) are 
1px+ 
nß (x') P*, ßY(x', x)wy(x)dF(x)+no(x') P, *03(XI, X)W3(x)aT(x) 2 "' 
( ir ir 




, X: (x) dr(x) W 'm 
.)F 
+n, ß(xl) 
12 W, *ß3(xl, X)q3d2(X); (4.40) 
F 
P3(XI)+no(x')1P3*, ß-, (Xflx)uy(x)d]P(x)+no(x') 
P3*, ß3(X X) U3 
(x) dl'(x) 
2 r, r 
nß(xl) (x/ , x)py 
(x) dIP (x) + no (x') Wý, *, (X 1, x)p3(x)dF(x) 




t. x') + nß (x') (x, x) uy (x) aT (x) 2 
ir 19 
0 (x', X) q-f d9 (X) 
(4.42) 
nß (x') U*ßy (x' , x) t-, 
(x) dF (x) + nß (X') U* 
Equations (4-40 - 4.42) represent five integral equations 
in terms of boundary 
tractions, and can be used together with the five displacement 
integral equations in 
equations (3-112 - 3.113) to form the 
dual boundary integral formulation. 
Pý, 3& 7X)Wk(x)aT(x) 
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In the case of a uniform domain load, the domain integrals in (4.37 - 4.38) and 
(4.40 - 4.41) can be transferred to boundary integral using equation (3.95). For 
other distribution cases of q3, the transformation of domain integrals can be carried 
out by using the dual reciprocity techniques. 
4.7 Summary 
In this chapter, the hypersingular boundary element formulation for shear deformable 
shell was presented. The formulation was derived by considering the behaviour 
of internal stress resultant integral equations as the source point is taken to the 
boundary. As a result five independent integral equations in terms of tractions 
were obtained, which contain domain integrals as well as boundary integrals. The 
strong-singular and the hypersingular integrals were evaluated using a singularity 
subtraction method based on the Taylor series expansion about the singular point. 
The domain integrals were transformed to the boundary using the dual reciprocity 
technique. Also presented in this chapter are hypersingular boundary element for- 
mulations for shear deformable plate bending and two-dimensional plane stress. In 
the next two chapters, these traction integral equations are used together with the 
five displacement integral equations to form the dual boundary integral formulations. 
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Chapter 5 
The Dual Boundary Element 
Method 
5.1 Introduction 
The BEM is an efficient numerical tool for general stress analysis. However, its ap- 
plication to solve general mixed mode crack problems is not straight forward. The 
coincidence of the crack surfaces makes point collocations on two crack surfaces gen- 
erate identical equations and results in an ill-conditioned system of linear equations. 
To overcome this difficulty, several special techniques have been developed to model 
cracked structures. Among these the most general are the sub-region method [25] 
and the dual boundary element method [61]. 
During the last decade, the Dual Boundary Element Method (DBEM) has emerged 
as a robust numerical method for fracture mechanics problems. This method, which 
is based on displacement and traction integral equations, has been developed to 
solve many applications of fracture mechanics e. g. elastostatics, thermoelastic, con- 
crete cracking, elastoplastic, stiffened panel, composite materials and dynamics, as 
reviewed by Aliabadi [10][11). Recently, Dirgantara and Aliabadi [42] presented 
the derivation of the traction integral formulations for shallow shells, on which the 
DBEM is formed, and also the application of the dual boundary element method 
for crack analysis of shells. The application of the dual boundary element method 
to analysis of Reissner plate bending problems was reported by Ahmadi-Brooghani 
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Figure 5-1: Numerical model of cracked plate: (a) pure bending load; (b) pure 
tension load; (c) bending and tension load. 
and Wearing [5]. 
In this chapter, dual boundary element formulation for the analyses of shear 
deformable shells and plates loaded by bending and tension is presented. Special 
crack tip shape functions is developed to allow accurate modelling of the displace- 
ment fields near the crack-tip. The crack modelling strategy and the stress intensity 
factors evaluation using the crack surface displacements extrapolation (CSDE) and 
the J- integral technique are also presented. Several numerical examples are solved 
to demonstrate the accuracy of the proposed method. 
5.2 The Dual Boundary Integral Equations 
If a plate or a shell is loaded by pure bending moment, then half of the plate or 
the shell will experience tension stress and the other half will experience compression. 
If the plate or shell contains a crack, then the compressive stress Ný,, ill cause the crack 
to close. This physical phenomenon creates difficulties when the plate is modelled 
numerically. As shown in Figure 5-1(a), the compressive stress causes the 
bottom 
part of the crack surfaces to overlap with each other, which is not physically correct. 
Therefore, in this work the basic assumption is that the in-plane loads are 
large 
enough to prevent crack closure due to bending loads, as shown 
in Figure 5-1(c). 
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1 
r= rrl- +r rz 
Figure 5-2: A body contains a crack. 
5.2.1 Shallow shell problems 
The dual equations, on which the dual boundary element method is based, are the 
displacement and the traction boundary integral equations. The method employs 
the displacement boundary integral equation for the source points on one crack 
surface and the traction integral equation on the other crack surface. 
Consider a cracked body shown in Figure 5-2, with r+, IF- referring to the 
upper and lower crack surfaces respectively, and r' denotes the rest of the boundary. 
Recalling the boundary integral representation of the displacement components wi 
and u, for collocation points on the upper crack surface, that is x+ E r+, then 
equations (3.78 - 3.79) can be written as: 
wj (XI +1 wj (x-) + Pi*i (x+ , x)wj 
(x) aT (x) 22 
( 






Wi*3 (x+, X) koB 
1-v 
Ua, 0 (X) + uß'a (X) + 
2v 
uo, 0 (X) baß d9 (X) 211-v1 
Wi*3 (X +5 X) kß B «1 - v) k, ß + vbo koo) W3 (X) df2 
(X) 





ua (X+)+ uc, (x-)+ To*(x+, x)u(x)dl'(x) 22 
ir 
I, 
UO* (x+, x) B [k, 0 + vb, ß koo] w3 (x) no (x) dF (x) 
UO* (x+, X) B [kß + vbß k<ýo] W3, ß (X) d9 (X) f2 
UO*, (x+, x) t, (x) dr (x) + Uo*, (x+, X) q (X) dQ (X) (5.2) ir 
. 
fn 
As the source point x+ is coincident with X- E r-, extra free terms lwj -) 2 (X 
and lu, (x-) appear in equations (5.1 - 5.2). It is apparent that collocation at x- 2 
will give the same integral equations as equations (5.1 - 5.2). This will result in an 
ill-conditioned system of linear equations. 
In order to overcome the above difficulty, the traction integral equations is used 
for collocations at X_ E IF-. Recalling the stress resultants boundary integral equa- 
tions in (4.4 - 4.6), for collocations on x- E IF-, it gives 
1 
MCIO (XI +1 Maß(X +)+ P, *ßY(x-, x)wy(x)dr(x) 22 
T(x) x)w3(x)a Paß3 (X 
Wo* X)P3(x)dF(x) ß-, (x x)p--, (x)aT(x)+ 
ir 
W(2z, 03(X 




Qlß (x-) +2 Qß (XI + ir PýoY(x x)wy(x)dF(x) 




y(X X)P-y(X)aT(X)+j 33 
(X 
r, F FF 






11 WN Nß (x-) +2 N(x+)+ 
ir 
Týp_, (x , x) u-y 
(x) a 
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(x-, X) q, *y d9 (X) 
+1B [(l - v)kcß + vb, ßko<ý] W3(X-) (5-5) 
Multiplying equations (5.3 - 5.5) by the outward normal no(x-) and noticing C, 
that no(x+) = -no(x-), the traction integral equations for a boundary source point 
at lower crack surface x- are as follows: 
1 
Pa (x-) -1 pc, (x+)+no(x-) P*, 0, y(x-, x)wy(x)dI(x) 22r 
+nß(X-) 
ir 
Pc*t ß3 (Y, X) W3 (YL) aT (X) 
= no (x-) 
ir 
W*ßy (x-, x)p (x) aT (x) + no (x') 
ir 
W, *03(X x)p3(x)d]P(x) 
-n, 3(x-) koOB 
1-v 
UOýp (X) + u10,0 (X) + 
2v 
%0 (X) 60ý) 
in 
2(1-v 
X) d9 (X) X W*ß3 (X 
-nß(x-) kop B «1 - v) koo + vöoý, koo) W3 
(X) Wa*03 (X- 
, X) d9 (X) 
+no(x-) 
in 
Wj*03(X-, X)q3dQ(X) (5-6) 
T, 




, x) w,. y 
(x) dl'(x) 
22r, 
+nß(x-) P3*03 (x- , x) w3 
(x) aT (x) 




u0, ýb (X) + ulp, 0 (X) + 
2v 
uo, o (X) boý) 
12 
X W3*, 33 
(X- 







(X -7 X)q3dQ(X) (5.7) 
and 
ta T*, (x-) - -tc, (x+) + no 
(x ßy (x-, x) uy 




U*ßy(x-, x)B [koý, (1 - v) + vbopkoo] W3(x)np(x)aT(x) 
-np(x-) 
ir2, 
U*, py(x-, X)B [koý, (1 - v) + vbookoo] W3, ß(X)d9(X) 
nß (x-) 
ir 
U*, ß (x-, x) t-, (x) aT (x) + nß (x-) 
in 
U*ß (x-, X) qydf2 (X) 
+1 nß (x-) B[ (1 - v) koý, + vbop koo] w3 (x-) 2 (5-8) 
Equations (5.1 - 5.2) and (5.6 - 5.8) represent displacement and traction inte- 
gral equations respectively - on the crack surfaces, and together with the use of the 
displacement integral equations in (3.78 - 3.79), that is 
c-ij(X')wj(X')+ Pi*j(x', x)wj(x)aT(x)=lWi*, 
ir 
j (x x)pj (x) dr (x) 
Wi* 1-v 2v  (x' X) k, ßB a, 0 
(X) + Uß, CI 
(X) + uo, 0 (X) bcß d9 (X) 2 
[u 
1-v1 
wi; (xi , X) k, OB «1 - v) ký, 0 + vb, ß k, ý0)W3 (X) d9 (X) 
wi3(X X)q3(X)dQ(X) (3.78) 
2 
and 




Ug*, (x, x) B [kß (1 - v) + vb, 0 koo] w3 (x) nß (x) aT (x) 
u0a(x X)B [k, 0 (1 - v) + v6ßkoo] W3, ß(X)d9(X) 
(x', x) t (x) aT (x) + UO*, (x', X) q, (X) d9 (X) (3.79) 
1,9 
for collocation points on the rest of the boundary IF', form the dual boundary integral 
formulation for shell problems. 
Domain integrals appear in equations (5.1 - 5.2), (5-6 - 5.8) and (3.78 - 3.79) 
are transferred to the boundary by employing the dual reciprocity technique de- 
scribed in section 3.5 and section 4.4. It is important to note that if the dual 
reciprocity technique is applied to a structure containing cracks, as the source point 
x+ E F+ is coincident with x- E IF-, domain integrals ID _ ID will contain extra 1 12 
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free terms as in equations (5.1 - 5.2) and (5.6 - 5.8). The integrals J1D - ID 12 can 
be written as follows: 
The domain integral 11D : 
JJD =m1 b3 +) + 
1, 
-V3 + )fi3 y: 
2 k(X 2 k(X-) - 
Wil (X 
iX mk 









.k (x) dIP (x) F +I -1W3 (5-9) 
F
The domain integral I'D 2 
D=1 
Ibl +) +1 1-vl , 21 
Z2 









7 X)"ýMk (x) dr (x)] F (5-10) 
The domain integral ID 3 
D=m1, 




(X+, X)ý2 11 32 nk(X 2 ink 
(XI 
mk 




+I p* ik 
(X+, X)? i)2 -1U2 mk (x) dF (x) F r, 
1 
F
D The domain integral 14 L 






mk(X 2 k(X - 
ir 
Wil (X+ 
ý XW k 
(X) aT (X) 
X)7_ým3 Pik (X+ k (x) aT (x) F-'q3 (5-12) 
r, 
1 
The domain intearal IP 
li 
I =Z 1 U*, (x x) (x) aT (x) 1 
Ürnß (XI ümß (X 
m=I 
[2 
+IT. *, (x+, x)ü' (x)aT(x) F-1W3 (5-13) MO 
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The domain integral ID 6 
11 üm2ß (X+) + 
lü2 
6 ß(X-) -+ )i2 2 U. *o (X ,Xß (x) aT (x) 
m=l 
1 ir 
+ X)ü2 + 
ir 
T'*, 3 (x 3 mo 
(x) dr (x)] F-1W3 (5.14) 
D The domain integral I7j : 
-) 7L 
11 







x)ib3 (x)aT(x) - W* x)ý3 
Ir 
P(*De03 (X 
i rn3 ctßy 
(X 
m-y(x)dr(x) r, ir 
aß3(X 3(x)aT(x)] F 
W* -1 X»m3 -1W3 (5.15) 
and 
ý3 
ß (X-) +1 jý3 (X+) + p* X)7b3 n 0(X 




- X), b3 - X)ý3 Pý03 (X m3 





(X - T(x)] F-lW3 
The domain integral I'D 8 
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ir 






(x)aT(x) ß(X D= nß(x 22 M-y F m=l 
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p )pl 3*, ß3(X-eX)7ýml3(X)aT(X)-1W3*, ß-y (X ,x r . -, 
(x)aT(x) 
w 




(X) aT (X) 
.r 
The domain integral 19D : 
(x-)Ig' == nß (X-) +1Ü. M2 nß m 2ß(X+)+ X)7_D2 22, P., ' 
(x 
1 m(x)aT(x) M=l 






(x) dr (x) 
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(ý2 (X-) + 
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MO ßy 
(X-, X) b2 
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(x) aT (x) 
(XI +I p3ý 
F 22m m=l 










W3*03 (X X)ý. 3(x)aT(x)] F U2 (5.20) 
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(ý3 0 (X-) +1 (ý3 (X+) +. p* -, X), b3 nß(x-)I, 
DO 




p* -, X), b3 (X)aT(X)_IW* 3ß3 
(X 
,x x) -y 
(x) dIP (x) n13 3ßy 1m 
r 
147 




The domain integral ID 11 






U* ßýy (x-, x) i, '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X)ü' (x)d]P(x) F-' aß-y M-y 
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w3 (5.23) 
2 The domain integral JJD 
X-)ID 
11 
lým2,2p (X+) nß( 12 = no(x-) 22 Uceoy (X , X) 






+= T(i)* (x-, X)ü2 -, 
(x) dIP (x) F -'w3 (5.24) 
f- 
aß-y 
5.2.2 Plate bending and tension problems 
If the panel is flat, that is k1l = k22 = 0, then equations (5.1 - 5.2) and (5.6 
- 5.8) become uncoupled equations for shear deformable plate bending and two- 
dimensional plane stress problems. Hence the displacement boundary integral equa- 
tions (5-1 - 5.2), for collocation points on the upper crack surface x+ E IF+) will 
become: 
Wj (x+) +1 wj (x-) + Pi; (X +, x)wj (x) aT (x) 22 
Wi*j (x+, x)pj (x) aT (x) + Wi*3 (x+, X) q3 (X) d9 (X) (5.25) 
and 
1 
ua (X+) +1u, (x-) +j TO* (x+, x) u, (x) aT (x) =: 
(r 
UO*(x+, x)t, (x)dF(x) (5.26) 
22 Jr )r 
and the traction integral equations (5.6 - 5.8) at lower crack surface F- are become: 
11 






P(*irß3 (X- 5 X) W3 
(X) aT (X) 
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= n, 3 (x-) 
ir 




















(x) aT (x) + no (x-) 
1- 
F r, r 
ß-Y(x W3*ß3(X iX)P3(X)aT(X) r 
+no(x-) 
in 
W3*03(X-, X)q3d9(X) (5.28) 
and 
1 




Uaoy (x-, x) ty (x) aT (x) (5.29) 
Equations (5.25 - 5.26) and (5.27 - 5.29) represent displacement and traction 
integral equations respectively - on the crack surfaces, and together with the use 
of the displacement integral equations in (3.112 - 3.113), that is 
eij W) wj (x') + Pi*, xi , x) wj 
(x) aT (x) Wi*i (x' , x)pj 
(x) aT (x) i( 
Wi*3(X', X)q3(X)d2(X) (3-112) 
sý 
(x', x) u, (x) dF (x) U& (x', x) t, (x) dIP (x) (3-113) 
r, r, 
cock (X 1) ue, (X 
)+ 
F
for collocation points on the rest of the boundary IF', form the dual boundary integral 
formulation for plate loaded by bending and tension. 
In the case of a uniform domain load (q3 = constant), the domain integrals in 
(5.25) and (3.112) can be transferred to boundary integral using equation 
(3.58), 
and equation (3.95) for transformation of domain integrals in 
(5.27 - 5.28). For any 
other load distribution case, then the dual reciprocity technique 
described in section 
3.5 and 4.4 can be used. 
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(a) (b) 
D Displacement equation T Traction equation 
e Element node x Domain point 
Figure 5-3: Modelling strategy for the dual boundary element method: (a) shells, 
(b) plates. 
5.3 Numerical Implementation 
5.3.1 Crack modelling strategy 
In order to implement the dual boundary element method, the boundary includ- 
ing crack surfaces are discretised into elements. As described in chapters 3 and 4, 
isoparametric quadratic elements are used in this work. A modelling strategy has 
to be derived, taking into account the continuity requirements of displacements and 
tractions at collocation points for displacement and traction integral equations. 
For displacement integral equation, at boundary collocation points x', the con- 
tinuity requirement for displacements wi and u, are C", (0 <a< 1) for Cauchy 
principal-value integrals to exist. On the other hand, for traction integral equation, 
at boundary collocation points x' , the continuity requirement 
for the displacements 
wi and u, is Cl, ', (0 <a< 1) for the existence of Hadamard principal-value in- 
tegral, and pi and t, are required to be at least C", (0 <a< 1), for Cauchy 
principal-value integrals to exist. 
The continuity requirement of displacement integral equation can be fulfilled 
when the collocation point is either on a smooth or a non-smooth boundary. Using 
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super-elements, Wilde and Aliabadi [143] presented treatments of traction integral 
equation for either a smooth or non-smooth boundaries. However, to maintain the 
simplicity of the proposed method in this thesis the collocation point of traction 
integral equation is only located at a smooth boundary where the continuity re- 
quirements are automatically satisfied. 
Consider that the boundary is approximated by elements, and the collocation 
points are restricted to the nodes of elements. Under these consideration, the con- 
tinuity requirements for Cauchy principal-value integrals in displacement integral 
equations can be satisfied by any Lagrangian continuous or discontinuous boundary 
element, since the isoparametric shape functions imply Hblder continuous displace- 
ments at the edge nodes, and they imply C' at internal nodes. However, continuity 
requirements for Hadamard principal-value integrals in traction integral equations 
are satisfied only by discontinuous elements, since all nodes are located at internal 
points of the element where continuously differentiable interpolation functions are 
defined. 
Taking into consideration the above requirements, and to maintain efficiency and 
simplicity of the boundary element, in the present method, discontinuous elements 
are used for the crack modelling. The general modelling strategies used in this work 
are similar to those used in [100] and can be summarised as follows: 
crack boundaries are modelled with discontinuous quadratic elements, as shown 
in Figure 5-3, in such a way that each node of one of the crack surfaces is co- 
incident with the node on the opposite surfaces; 
the traction equations (5.6 - 5.8) are applied for collocation on one of the 
crack surfaces; 
the displacement equations (5.1 - 5.2) are applied for collocation on the op- 
posite crack surface and for the other non-crack boundaries the 
displacement 
equations (3.112 - 3.113) are employed; 
continuous quadratic elements are applied along the remaining 
boundary of 
the body, except at the intersection between a crack and an edge, where 
dis- 
continuous or semi-discontinuous elements are required on 
the edge in order 
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to avoid a common node at intersection, and also at boundary corners, where 
semi-discontinuous are preferred. 
e for shell problems, several dual reciprocity collocation points are placed in the 
domain. 
This simple strategy is robust and allows the DBEM to effectively model general 
edge or embedded crack problems; crack tips, crack-edge corners and crack kinks do 
not require special treatment, since they are not located at nodal points where the 
collocation is carried out. 
5.3.2 Special crack-tip elements 
To be able to model the displacement field VFr behaviour near crack tip, a set of 
special shape function has been used for crack tip element similar to those reported 
by Mi and Aliabadi [84] for three dimensional elasticity problems. In this work, a 
discontinuous quadratic element with -2,0, +2 is used. The variation of the 33 
displacements along the element is required to have the form of u u'N' 
a', + a2Vr + a3 (r). If the crack tip is located at = -1, then the shape function 
in the form N' a" + a' + a" (I + ý) is used. On the other hand, if 123 
the crack tip is located at = +1, then the shape function in the form N' 
bc' + b, " Vi- --ý + bc' (1 is used. If N' (6) is set to equal 1 at the collocation node 123 
a, and 0 at the other nodes, a set of linear system of equations are established and 
the unknown constants can be obtained. 




V1-5) ý+ 2vlf-+ý -2 (5-30) (ý) =2 
vfl-5 + ý, F3 -6 
3 (vfl--5 - 
03) 12VII -+ý +2+ v'3-) 
. 31) 
(5 
22 (V15 + -, /3 - 6) 
3 (vf3- - 3) +2 vfl- 
-+ý 2 (5-32) 
2 V-15 + V3 -6 
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and for crack tip element with the crack tip located at ý= +1 are 
(5-33) 26 
3 (vý-3 - V1-5) ý- 12ý, /l --ý +2 (v/'1--5 + 03) (5-34) 
2 (vrl-5 + 03 - 6) 
N(+') 
3 (v/11-5 - 3) ý+ 2v/l- --ý -2 (5-35) 32-., /-1-5 + vF3 -6 
5.3.3 Discretisation strategy 
Following the procedure describe in chapter 3, after the discretisation process and 
as the collocation point passes through all collocation nodes, a linear system of 
equations is obtained which can be written in matrix form as 




where HP, CP, H, and Ge are the boundary element influence matrices for plate 
bending and plane stress elasticity respectively, H' and H' are coupling matri- 
ces of shallow shell, H mod is an additional matrix caused by the shell curvature. 
VectorsW = IW17 W27 W3 }T and U= fU17U2 IT are the boundary displacement vec- 
tors, P= jP1iP2iP3 IT, t= ftlJ2 IT are the boundary traction vectors, and 
b is the 
domain load vector. 
In the case of plate loaded by bending and tension, the system of equations 
becomes uncoupled and can be written as follows 




and after imposing boundary condition, equations 
(5.36 - 5.37) can be written as: 
[A]5Nbnx5Nbnf-El5Nbnxl = 
fbl5Nbnxl (5.38) 
where [A] is the system matrix, 
jxj is the unknown vector and jbj is the vector 
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of prescribed boundary values. Nn are number of boundary nodes. Using LU- 
decomposition, the system of algebraic equations can be solved for the boundary 
unknowns. 
5.3.4 Modelling consideration of the dual reciprocity technique 
There are some difficulties in implementing the dual reciprocity technique for the 
dual boundary element analysis, due to the coincidence nodes along crack surfaces. 
These difficulties are summarized as follows: 
1. The dual reciprocity collocation points at crack boundaries. The existence of 
two coincident collocation points would make the coefficient matrix F singular 
and requires a special treatment. 
2. Integrating over crack boundaries. In an incremental crack growth analysis, 
the inclusion of crack boundary implies that the boundary r is continuously 
changing from one incremental analysis to the next, and consequently the 
coefficient matrix has to be updated after each increment. 
Similar to the argument reported in Salgado and Aliabadi [115], the contribution 
of the integration over crack boundaries can be calculated by considering a colloca- 
tion point x' and two coincidence nodes x- and x+ on opposite crack surfaces. The 
integrals can be written in matrix form as 
H (x, x+) H (x', x-) 
*k (X/ 
i X+) (5.39) 
k (Xii X 
Ißk (Xli X +) 
Pk (X/ 
i X-) 
It can be observed that particular solutions and 
fundamental solutions have 
properties as follows: 
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Pk (X 1 IX+) 
lýlk (X/ X+) 
Pil (X 
IX+): 
Piýk (X/ X+) 
Wil (X 1 X+) 
Wi*pk (X/ X+ 
-ýk (X/ i X-); 
lýk (XI i X-); 










and iß(xl, X')=-iß(X"X-) 
and (x x+) = (x x-) 
and (X', x+) (x x 
and T* "a-f 
(X', x+) -T* ""ßy 
(X', x 
and U, * (X', x+) = U* ,0 
(X', x 
and U, *y (X', x+ )= U* , ß, y 
(X', x 
(5.40) 
Substituting properties in equation (5-40) into the matrix in equation (5.39), it 
can be seen that the contribution of the integration over crack boundaries to the 
coefficient matrix is equal to zero. Therefore, it is not necessary to include the 
crack boundaries in the integration process of ID - ID In that case, the difficulties 1 12- 
mentioned above are eliminated since the exclusion of crack boundary also means 
that there will be no dual reciprocity collocation points along the crack boundaries. 
5.3.5 Treatment of the singularities 
Three different order of singularities occur in the dual boundary integral equations, 
i. e. weakly singular, strongly singular and hypersingular integrals. The weakly 
singular integrals are cancelled using a bi-cubic nonlinear coordinate transformation 
as described in Appendix C. Strongly singular integrals at non-crack boundaries 
are evaluated indirectly using the generalised rigid body movements as described in 
Chapter 3. 
On the crack surfaces, the strongly singular and the hypersingular integrals are 
evaluated using a singularity subtraction method based on the Taylor series expan- 
sion around the singular point for bending and shear integrals, and subsequently, 
the singular terms are integrated analytically. For straight elements along the crack, 
the evaluation of the strongly singular and the hypersingular integrals in membrane 
integral equations are most effectively carried out using direct analytic integrations. 
Details of singularity subtraction method and direct analytic integrations are 
de- 
scribed in Chapter 4 and Appendix C. 
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5.4 Stress Intensity Factors Evaluation 
Five stress intensity factors (SIFs), two SIFs due to membrane loads and three due to 
bending moments and shear loads have to be computed. The stress intensity factor 
can be carried out in several ways. In this work, the crack surface displacements 
extrapolation and the J- integral technique are employed to calculate the stress 
intensity factors. 
5.4.1 The crack surface displacements extrapolation technique (CSDE) 
As discussed in chapter 2, the displacements on the crack surfaces near the crack 
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The stress intensity factors can then be written in terms of 
displacements on the 
crack surfaces, as I 
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(2.98) 
(2.99) 
When discontinuous elements with nodes located at -2,0, +2 are used for 33 
modelling crack surfaces, then at crack tip elements the distance of every node to 
the crack tip is given in Figure 5-4. The value of SlFs can then be obtained at any 
point in crack tip elements by substituting into equation (5.41) relevant value of 
generalised displacements and distance of the point from crack tip. 
Hence, 





0 Internal Point 
0 Nodes at crack surfaces 
Figure 5-5: Local crack tip coordinate reference system and contour path for J- 
integral. 
and 
BB'= B_ fWIB') fKj 
1 
[C] ( fW 1 (5.42) 
Then, SIF values are extrapolated to the crack tip using relationship 
f Kjt'P 
- 
rAA/ (fKIBB'- rBB' f KIAA') (5.43) 
rAAI - rBB' rAA' 
where rAA' ýI and rBB' -:: -- 
11 
- 62 
Using the above technique, the SIFs can be evaluated simply by using the value 
of generalised displacements at crack tip elements obtained from the dual boundary 
element analysis. 
5.4.2 The J-integral technique 
For plates loaded by a combination of bending and tension, the evaluation of 
the SIFs can also be done numerically by the J- integral technique. The path 
independent J- integral, presented in chapter 2, is defined for plate bending as 
J(5b --:::: 
fr (Wb - qIV3) n6dr - 
fr 
piwi, 6dI+ q, 6W3dQ (2.100) 
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and for two-dimensional plane stress as 
Jim 
= 
Ir (Wmnb - t, 3u, 3,6) dr (2.101) 
where boundary IF is an arbitrary contour surrounding the crack tip. 
To decouple the related stress intensity factors of a mixed mode problem from 
J- integral an extension of a simple procedure which has been developed in [7] based 
on the decomposition of the elastic fields into symmetric and anti-symmetric mode 
component is used. Using this procedure only one component of the J- integral is 
required, and in this work the xj- component of the J- integral is used. 
The relationship between the component of J- integral in xj - direction and the 
bending and shear stress resultant intensity factors is given as 
Jlb - 
12 
Klb 2+ K2b 2+ 
h2 
(i + v) K3b 2 (2.104) TP1 10 
1 
and the relationship between the component of J- integral and the membrane stress 
resultant intensity factors is given as 
Jim = Kim 
2+ K2m 2 
(2.105) 
E' 
where the constants E' is the elasticity modulus; E' is equal to E for plane stress 
conditions and E' = El (1 -v 2) for plane strain conditions. 
Applying the decomposition procedure given in the Appendix E, the integral J1 
can be represented by the sum of two integral as follows : 
jS + jAS 11 
(5.44) 
where the superscript indicate the pertinent deformation mode. 
When the decomposed stress resultants and displacements are introduced to 
equations (5.44) and (5.44), equation (5.44) will 
be obtained, with the J- integral 
components given by 
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jlN NNNN NWN b=1 (W, - qWN) njaT - [M: w l] nßaT +q br d9 (5.45) 3 
ir 





jý =f1 (WN _ tNUNJ lm h ni a a, 
) dr (5.46) 
for N=S or N= AS. Finally the stress intensity factor are obtained through the 
following relationship 
12 Klb 2 
JlSb =-- JlIb = Eh3 
(5.47) 














To split mode II and mode HI component from TAS the dis lacement ratio as 111b 1p 
proposed by Rigby and Aliabadi [112] for three dimensional problem will be used. 
48 
2rK2b (5.51) Wl(+1800) - Wl(-1800) EV 
24 + V) 
V/2rK3b (5-52) AW3 -":::: W3(+1800) - W3(-18Uu) - 5Eh 
Awl 
- 
10 K2b (5-53) 
AW3 (1 + v) h2 K3b 
Substituting equation (5.53) into equation (5.48) the following relations hold: 











tS= K2b I+'ý ýýW-j 
(5-55) 
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Figure 5-6: Rectangular plate with a centre crack loaded by bending moment and 
tension, and deformed shape of DBEM model. 
To implement this procedure into the boundary element analysis, a circular con- 
tour path around the crack tip is defined as a set of internal points located at sym- 
metrical positions relative to the crack plane, as shown in Figure 5-5. The numerical 
integration along the contour path is accomplished with the trapezoidal rule. Using 0 
this technique, regular discontinuous elements can be used for crack tip elements. 
5.5 Numerical Examples 
Several numerical examples are presented to demonstrate the ability of this proposed 
method for crack analYses of plates subjected to bending and tension, and shells, 
with different loadings and boundary conditions. 
5.5.1 Rectangular plate with a centre crack loaded by bending and 
tension 
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Figure 5-7: Normalised bending stress resultant intensity factors and membrane 
stress intensity factors results for rectangular plate with a centre crack subjected to 
bending and tension. 
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Table 5.1: Normalised SIFs for the plate with a centre crack loaded by bending and tension. 
Klb K,.. 
Mo V, 
'7-ra- _ No vf7-ra 
CSDE J- integral CSDE J- integral 
8 elements 0.870628 0.872950 1.157324 1.194918 
12 elements 0.906885 0.909564 1.187012 1.189913 
16 elements 0.909715 0.910614 1.187478 1.188630 
References 0.9094 [33] 1.186234 [861 
Table 5.2: Effect of mesh sizes on SIFs of the plate with a centre crack loaded by 







0.125 0.858659 -5.580% 1.147946 -3.228% 
0.100 0.870628 -4-263% 1.157324 -2.437% 
0.050 0.895219 -1-559% 1.177714 -0-718% 
0.025 0.906885 -0.277% 1.187012 +0-066% 
0.015 0.909715 1 +0-035% 1.187478 1 +0.105% 
References 0.9094 [33] 1.186234 [86] 
ing and tension (as shown in Figure 5-6) is analysed. The stress intensity factors for 
this problem have been calculated by Boduroglu and Erdogan [33] for edge bending 
load and Tada [86] for tension. The properties of the plate are: b1h =2 and 10; 
c1b = 2; Mo = Nob; EblNo = 210000 and v=0.3. 
For BEM analysis, 8 quadratic elements per side of the plate and three different 
meshes using 8,12 and 16 elements for each crack surface are used. SlFs are evalu- 
ated using both crack surface displacements extrapolation (CSDE) and J- integral 
techniques. Table 5.1 and Figure 5-7 show the results of this example. In Table 5.1, 
normalised K, evaluated using both CSDE and J- integral techniques 
for a/b = 0.5 
is presented for different meshes. The results show that both CSDE and J- integral 
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Figure 5-8: Square simply supported plate with a centre crack: uniform pressure. 
[86] and [33]'. Figure 5-7 shows normalised K, for different values of a/b. The 
DBEM results show excellent agreement with references [86] and [33] for the whole 
range of a/b. 
The effect of different mesh sizes to the accuracy of CSDE technique is also 
studied. Five different meshes using 6,8,10,12 and 16 elements for each crack 
surface are used, with ratios between crack tip element length and crack length 
are taken as 0.125,0.10,0.050) 0.025 and 0.15. All models are discretised with 8 
boundary elements per side of the plate. Table 5.2 shows that 0.3% accuracy can 
be achieved on model with 1/2a == 0.025 and 0.015. 
5.5.2 Simply supported square plate with a centre crack: uniform 
pressure 
In this example, a simply supported square plate with a centre crack loaded by uni- 
form pressure (as shown in Figure 5-8) is analysed. This configuration is important 
for aircraft structures, as it represents a simplified fuselage or wing panel. The bend- 
ing and shear stress intensity factors for this problem have been calculated by 
Sosa 
'It is worth mentioning that Boduroglu and Erdogan (33] used normalisation 
factor Alo., /a 
instead of Alov/ia in their formulation, and Tada [86] solution is for two-dimensional problem, 
therefore the normalisation factor used is o-ovr7ra. However, normalised 
K obtained in [33] and [86] 
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Figure 5-9: Effect of different path of J- integral to the normalised 
bending stress 
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Figure 5-10: Normalised bending stress resultant intensity factors for a plate with a 
centre crack subjected to uniform pressure. 
and Eischen [121]. The properties of this plate are: b=1; E= 1000 and v=0.3. 
Three different ratios between width and thickness modelled are b1h = 2,6 and 10. 
For analysis, 2 different meshes are used. The first model is meshed by 4 elements 
per side of the plate and 8 elements for each crack surface, while for the second model 
8 elements per side of the plate and 16 elements for each crack surface are used. 
To study the effect of different paths of J- integral technique, the stress intensity 
factors are evaluated using several different integration paths as shown in Figure 5-8. 
Figures 5-9 - 5-10 show the results of this example. It can be seen in Figure 5-9(a) 
that for the model with a very coarse mesh, different path of the J- integral tend 
to give divergence result for the bending stress resultant intensity factor, but using 
more elements on the second model with different path of the J- integral does not 
have much effect on the results. As shown in Figure 5-9(b), results obtained from 
all paths are within 1.5% of the reference solutions. 
Figure 5-10 shows the normalised bending stress resultant intensity factors for 
different plate thickness. The bending stress intensity factor is evaluated using 
32 











(a) bending load (b) simply supported on two side, 
uniform pressure 
Figure 5-11: Symmetric double edge cracks in a plate 
crack tip (path=3 in Figure 5-8). As it can be seen, the results are in good agreement 
with those presented by Sosa and Eischen [121]. 
5.5.3 A plate with symmetric double edge cracks 
In this example, a plate with symmetric double edge cracks as shown in Figure 5- 
11 is analysed. Two configuration are considered here: (a) rectangular plate loaded 
by bending with b=1; c1b = 2; Eb 2/. A/10 = 1000 and v=0.3; and (b) square 
plate simply supported on two side and subjected to uniform pressure with b=1; 
Elpo = 1000 and v=0.3. The first case was solved by Boduroglu and Erdogan [33] 
while the second case has been analysed by Sosa and Eischen [121]. Three different 
ratios of width to thickness are analysed, that are b1h = 2,6 and 10. For analysis, 
8 elements per side of the plate and 16 elements for each crack surface are used. 
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Figure 5-12: Normalised bending stress resultant intensity factors for a plate with 
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Figure 5-13: Normalised bending stress resultant intensity factors for a plate with 
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Figure 5-14: Single edge crack in a plate. 
Figures that the present results are in good agreements with those presented in 
Boduroglu and Erdogan [33], and Sosa and Eischen (121] for the first and second 
configuration respectively. 
5.5.4 A plate with an edge crack 
In this example, a plate with an edge crack as shown in Figure 5-14 are analysed. 
Two configuration are considered here: (a) loaded by tension and bending b=1; 
c1b = 2; EblNo = 210000; A140 = bNo and v=0.3; and (b) simply supported on 
two side and subjected to uniform pressure. The properties of this plate are: b=1; 
Elpo = 21000 and v=0.3. Two different ratios between width and thickness are 
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Figure 5-15: Normalised membrane stress resultant intensity factors for a plate with 
a single edge crack subjected to bending and tension load. 
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Figure 5-16: Normalised bending stress resultant intensity factors for a plate with a 
single edge crack subjected to bending load. 
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Figure 5-17: Normalised bending stress resultant intensity factors for a plate with a 
single edge crack subjected to uniform pressure. 
side of the plate and 16 elements for each crack surface. 
Figures 5-15 - 5-17 show the results of this example. It can be seen in Figures 
that the present results are in good agreement with results presented by Murakami 
[86] for the membrane stress resultant intensity factors. Bending stress resultant 
intensity factors are not available in the literature. Comparing the results with 
symmetric edge cracks, the bending stress resultant intensity factors do not differ 
much on both configurations. 
5.5.5 A single crack emanating from a hole in a finite width plate 
In this example, a single crack emanating from a hole in a finite width plate as shown 
in Figure 5-18 is analysed. Two configurations are considered here: (a) rectangular 
plate loaded by tension and bending with b=1; c1b = 2; EblNo = 210000 and 
v=0.3; and (b) square plate simply supported on two side and subjected to uniform 
pressure with b=1; Elpo - 210000 and v=0.3. Three different hole sizes are 
analysed, those are r/b = 0.1,0.25, and 0.5, with four different width to thickness 












(a) bending and tension load 
------------------- 
2b 
(b) ýimply supported on two 
side, uniform pressure 
Figure 5-18: A crack emanating form a hole in a finite width plate. 
All models are discretised into 8 elements per side of the plate. To study the 
convergence of the results, a case with rlW = 0.25 and a1W = 0.4 is analysed 
using several different meshes on the crack surfaces. The convergence test results 
are shown in Figure 5-19. As it can be seen, convergence within < 1% accuracy 
for Klb can be achieved after the crack surfaces are modelled using 20 elements for 
each crack surface, while convergence for Kl,, is obtained with less elements. Other 
configurations are modelled using 20 element for each crack surfaces. The hole is 
modelled using 10 elements except for the case with r1W = 0.5 and a1W < 0.55, 
the hole is modelled with 16 elements. Figures 5-20 - 5-22 show the results of this 
example. In the case of short cracks in a very thick plate (b1h =2 and aft < 1.5), 
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(b) Membrane stress resultant intensity factors 
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Figure 5-20: Normalised membrane stress resultant intensity factors for a crack 
emanating from a hole in a finite width plate subjected to bending and tension load. 
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Figure 5-21: Normalised bending stress resultant intensity factors for a crack ema- 
nating from a hole in a finite width plate subjected to bending and tension 
load. 
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Figure 5-22: Normalised bending stress resultant intensity factors for a crack ema- 
nating from a hole in a finite width plate subjected to uniform pressure. 
dimensional model. 
5.5.6 Two symmetric cracks emanating from a hole in a finite width 
plate 
1n this example, two symmetric cracks emanating from a hole in a finite width 
plate as shown in Figure 5-23 is analysed. Two configuration are considered here: 
(a) rectangular plate loaded by tension and bending with b=1; c1b = 2; EblNo = 
210000 and v=0.3; and (b) square plate simply supported on two side and subjected 
to uniform pressure with b=1; Elpo = 210000 and v=0.3. Three different hole 
sizes r/b = 0.1, r/b = 0.25, and r/b = 0.5, with four different width to thickness 
ratios b1h = 2, b1h = 4, b1h = 10 and b1h = 50 are analysed. Normalised stress 
intensity factors for a plate loaded by tension is available in Murakami [86]. 
Figures 5-24 - 5-26 show the results of this example. In the case of short cracks 
in a very thick plate (b1h =2 and aft < 1-5), the results are not satisfactory and 
the problem should be modelled as a three-dimensional model. 
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Figure 5-24: Normalised membrane stress resultant intensity factors for two sym- 
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Figure 5-25: Normalised bending stress resultant intensity factors for two symmetric 
cracks emanating from a hole in finite width plate subjected to 
bending and tension 
load. 
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Figure 5-26: Normalised bending stress resultant intensity factors for two symmetric 
cracks emanating from a hole in a finite width plate subjected to uniform pressure. 
5.5.7 An infinite plate with a slant centre crack loaded by bending 
and bi-axial tension 
In this example, a mixed mode crack problem is presented. An infinite plate with 
a slant centre crack loaded by edge bending and bi-axial tension (as shown in Figure 
5-27) is analysed. The bending and shear stress intensity factors for this problem 
have been calculated by Sih [118]. To model this problem, a plate with very large 
b1h ratio , i. e. 2b/h = 100/v/-10 
is used; Eb21MO = 210000 and v=0.25. 
For analysis, 8 elements per side of the plate and 12 elements for each crack 
surface are used. Figures 5-28 - 5-30 shows the bending stress resultant 
intensity 
factors of this example. It is shown that the numerical results using the proposed 
method are in good agreement with the reference solutions. 
Normalised membrane 
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Figure 5-28: Normalised mode I bending stress resultant intensity factors for the 
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Figure 5-29: Normalised mode II bending stress resultant intensity factor for the 
slant crack in an infinite plate. 
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Figure 5-30: Normalised mode III bending stress resultant intensity factors for the 
slant crack in an infinite plate. 
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Figure 5-31: Square spherical shell with a centre crack. 
5.5.8 Clamped and simply supported square spherical shells with 
a centre crack: uniformly loaded 
Consider a square spherical shell with a centre crack shown in Figure 5-31 Ninth 
b=1; a/b = 0.2,0.4 and 0.6. Two cases of boundary conditions are considered in 
this example: clamped and simply supported on all sides. A uniform pressure is 
applied over the shell domain. Modulus of elasticity Elpo = 210000, Poisson's ratio 
v=0.3 and ratio between the width and the shell thickness b1h = 10. The value of 
bIR is varied between 0.0 - 0.2, where bIR = 0.0 represent a fiat plate. 
For the analysis, 8 elements per side of the shell, 12 elements for each crack 
surface are used, and 7x7 DRAI domain points are used. SIFs are evaluated using 
crack surface displacements extrapolation (CSDE) technique. 
Figures 5-32 - 5-34 show the displacements on the crack surface and along 0 
symmetry line for shell having bIR = 0.01. They are compared to half model using 
only displacement equations of BEM. As it can be seen, the results show good 
agreement between the two models. 
At the top and bottom surfaces of the shell, that is X3 = ±h12, stress intensity 
factors for this problem can be obtained from equations (2.85 - 2.87) as follows 
h 


























-S- - BEM Half Moijdel 
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 
x1b 
Dual BEM 
BEM Half Mode 
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 
x1b 
Figure 5-32: Displacements on the crack surface and along the line of symmetry, 
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Figure 5-33: Displacements on the crack surface and along the line of symmetrN, 
(b1R = 0.01, alb = 0.2 and b1h = 10). 
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Figure 5-34: Displacements on the crack surface and along the line of symmetry, 
(b1R = 0.01, a/b = 0.2 and b1h = 10). 
1± 
h) 
Kii =1 K2rn ±6 K2b (5.57) 2R h T2- 
and 
Kiii =0 (5-58) 
On the other hand along the middle surface, that is -'IC3 = 0, the stress intensity 
factors are given by 
Ki =1 Kl,,,; (5.59) h 
Kii ý1 K2m; (5.60) h 
and 
Kiii : --- 
3 
2h 
In this example, values of normalised KII and KIII are very small (of order 
10-7), therefore this case can be considered as pure mode 1. The normalised stress 
intensity factors for mode 1, K, due to bending and membrane are shown in Tables 
Dual BEM 
--B--BEM Half Model 
I ---------- L --------- 
---------- ---------- ---------- 
-------- --------- ---------- ---------- ---------- 
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Figure 5-35: Normalised KI on the top surface of a clamped square spherical shell: 
uniform pressure. 
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Figure 5-36: Normalised KI on the top surface of a simply supported square spherical 
shell: uniform pressure. 
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Table 5.3: Normalised KI of the clamped square shallow spherical shell: uniform 
pressure. 
top surface 
R bIR Klb Kim 
[1 _L 
2 
po vr7r a 2R] 
[1 + -ý-] hpov/7-ra 2R 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 11.8576 5.72645 1.9163-7 15-8543 11.3816 7.43347 
6.667 0.150 17.7677 10.3154 4.82156 16.0752 11-9336 7.84673 
10-00 0.100 25.2679 16.8270 9.18507 14.2049 11.0655 7.41104 
13-33 0.075 29.1626 20.5239 11.7853 12-0033 9.60461 6.51529 
25-00 0.040 33.7220 25-1443 15-1630 7.24219 5.98741 4.13289 
50.00 0.020 35-3319 26-8519 16.4472 3.76942 3.15322 2.19123 
100.0 0.010 35.7634 27-3142 16.7974 1.90464 1.59826 1.11268 
500.0 0.002 35-9119 27.4714 16-9158 0.38231 0.32114 0.22370 
1000. 0.001 35.9179 --- --- 0.19118 --- --- 
00 0.000 36-0607 27.5433 16.9794 0.00000 0.00000 0.00000 
bottom surface 
Klb Kim 
R bIR 2 ' - - [1 _L ]L 2R 6 PO 7ra 
[1 - -L] hpov/ 7 ra 2R 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 12.0971 5.84213 1.95508 16-1746 11-6116 7.58364 
6.667 0.150 18.0363 10.4713 4.89443 16.3181 12.1139 7.96532 
10.00 0.100 25-5218 16.9961 9.27739 14.3477 11.1767 7.48553 
13.33 0.075 29.3822 20.6784 11-8741 12-0937 9.67692 6.56434 
25-00 0.040 33-8572 25.2451 15.2238 7.27121 6.01141 4.14946 
50.00 0.020 35.4026 26.9057 16.4801 3.77696 3.15954 2.19561 
100.0 0.010 35.7992 27-3415 16-8142 1.90654 1.59986 1.11379 
500.0 0.002 35.9191 27.4769 16.9192 0.38239 0.32120 0.22375 
1000. 0.001 35.9215 --- --- 0.19120 --- --- 
00 0.000 36.0607 27-5433 16.9794 0.00000 0.00000 0.00000 
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Table 5.4: Normalised KI of the simply supported square shallow spherical shell: 
uniform pressure. 
top surface 
R bIR Klb Ki, 2 
+ -L] ýýpoV7r-a 2R 6 [1 + hpov'7r-a 2R 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 18.4175 10.2902 4.74536 13.1019 10.3086 7.04886 
6.667 0.150 29.8239 18.8904 10.4661 14.6926 12.0718 8.49493 
10-00 0.100 46.9306 33.6801 21-5906 14.5928 12.8754 9.64351 
13.33 0.075 57.2093 43.7522 30.1648 13.0940 12.0922 9.49534 
25.00 0.040 70.7003 58-5302 44.4647 8.48423 8.34518 7.06299 
50.00 0.020 75.8776 64.7219 51-1552 4.52980 4.56886 3.99769 
100.0 0.010 77.2961 66.4670 53-1197 2.30433 2.34028 2.06728 
500.0 0.002 77.7784 67.0589 53.7892 0.46356 0.47185 0.41813 
00 0.000 77.7295 67.0338 53.7851 0.00000 0.00000 0.00000 
bottom surface 
Klb Ki, 
R bIR - 2 
-L] L-pov 2R l7ra 
- hpov/, 7ra 2R 6 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 18.7896 10.4980 4.84122 13.3666 10-5169 7.19126 
6.667 0.150 30.2747 19.1759 10.6243 14.9146 12.2542 8.62332 
10.00 0.100 47.4022 34.0185 21.8076 14.7395 13.0048 9.74043 
13.33 0.075 57.6400 44.0816 30.3919 13-1925 12-1833 9.56682 
25-00 0.040 70.9837 58.7648 44-6429 8.51824 8.37863 7.09130 
50-00 0.020 76.0295 64.8515 51.2576 4.53887 4.57800 4.00569 
100.0 0.010 77-3734 66-5335 53-1728 2.30664 2.34262 2.06935 
500.0 0.002 77.7940 67.0723 53.7999 0.46365 0.47195 0.41821 
00 0.000 77.7295 67.0338 53.7851 0.00000 0.00000 0.00000 
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Figure 5-37: Square cylindrical shell with a centre crack. 
5.3 - 5.4 and Figures 5-35 - 5-36. It can be seen from the results that as the radius 
of curvature R become smaller, the KI due to membrane increases while the KI 
due to bending decreases. This is because as the shell becomes deeper, more part of 
the pressure is transferred to membrane load. The results also show that as the R 
---+ oo, that is when the panel is flat, only KI due to bending exist. 
5.5.9 Clamped and simply supported square cylindrical shells with 
a centre crack: uniformly loaded 
The second shell example considered here is a square cylindrical shell with a 
centre crack shown in Figure 5-37 with b=1; a/b = 0.2. A uniform pressure 
is applied over the shell domain. Modulus of elasticity of the material is chosen 
Elpo = 210000, Poisson's ratio v=0.3 and shell thickness b1h = 20. 
For the DBEM analysis, 8 elements per side of the shell and 12 elements for each 
crack surface are used, together with 7x7 DRM domain points. For comparison, 
half model of the shell is also analysed using 48 elements and 28 domain points (i. e. 
Displacement BEM only), as well as FEM analysis using a quarter model of the shell 
with 3092 nodes and 1646 elements. 
Figures 5-40 - 5-42 present the displacements on the crack surface and along 
the line of symmetry. Also presented are the BEM results obtained using the half 
model using only displacement equations and FEM results. As it can be seen, the 
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Figure 5-38: FEM - quarter model of centre crack in cylindrical shell: 3092 nodes, 
1646 elements. 
x x x x x x x 
x x x x x x )< 
x x x x x x x 
x x x )< X X X 
(b) Boundary Element Method - half model 48 elements, 28 domain points 
(a) Dual Boundary Element Model 
56 elements, 49domain points 
Figure 5-39: Boundary element models for a centre crack in cylindrical shell: (a) 
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Figure 5-40: Displacements on the crack surface and along the line of symmetry, 
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Figure 5-41: Displacements on the crack surface and along the line of symmetry, 
(b1R = 0.01, a/b = 0.2 and b1h = 20). 
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Figure 5-42: Displacements on the crack surface and along the line of symmetry, 
(b1R = 0.01, a/b = 0.2 and b1h = 20). 
results presented are in good agreements. 
To study the effect of different type of shell on the stress intensity factors, in this 
example clamped and simply supported square cylindrical shells are considered. A 
uniform load is applied over the shell domain. Modulus of elasticity of the material 
is chosen Elpo = 210000 , Poisson's ratio v=0.3 and shell thickness b1h = 0.1. 
Three different crack length, a/b = 0.2,0.4 and 0.6 are analysed. Ratios between 
the width and the radius of curvature bIR, =0 and bIR2 is varied between 0.0 - 0.2. 
The SIF values of normalised Kii and KIII obtained are very small (of order 
10-7), therefore this case can be considered as pure mode I. The normalised stress 
intensity factors for mode I, K, due to bending and membrane are shown in Table 
5.4 and Figures 5-43 - 5-44. Similar to the previous example, the results show that 
as the radius of curvature R become smaller, the K, due to membrane increases 
while the KI due to bending decreases. The result also shows that as the R --+ 00, 
that is when the panel is flat, only KI due to bending exist. 
By comparing the results from spherical shell and cylindrical shells, it can be 
I 
. I. -Adr. 3., 
AM 
------ -- ------------------- 
T----------I----------I--------- 
------------------- 
--------- -- ------------------- 
------- ---------- DBEM 
--E3- BEM Half model 
-------- ---------- A FEM Quarter model 
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0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 0.225 
KI (due to bending) - a/b=0.2 --0- K1 (due to membrane) - a/b=0.2 --4- KI (total) - a/b--0.2 
KI (due to bending) - a/b=0.4 -0- Ki (due to membrane) - a/b=0.4 --Ar- K 1(total) - a/b=0.4 
K, (due to bending) - a/b=0.6 --E3- K (due to membrane) - a/b=0.6 --tr- KI (total) - a/b=0.6 













0.0 lllllljý .iI. i.. 
0.000 0.025 0.050 
-0- K, (due to bending) - a/b=0.2 
Jý (due to bending) - a/b=0.4 
Jý (due to bending) - a/b=0.6 
bIR 
0.075 0.100 0.125 0.150 0.175 0.200 0.225 
-0- K (due to membrane) - a/b--0-2 K (total) - a/b=O. 2 
-JIF- K (due to membrane) - a/b=0.4 --k- K (total) - a/b=0.4 
-E3- K, (due to membrane) - a/b=0.6 -. 6r- K, (total) - a/b--0.6 
Figure 5-44: Normalised KI on the top surface of a simply supported square cylin- 
drical shell: uniform pressure. 
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Table 5.5: Normalised K, of the clamped square shallow cylindrical shell: uniform 
pressure. 
top surface 
R bIR Klb Kl,, 2 L- F7ra 11 + Al 6-PO v- 
T' 
+ 4R] hPOV/7ra- 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 20.4852 11.7872 5.58714 19-1303 14-0838 8.89070 
6.667 0.150 25.5740 16.4996 8.75632 17.1440 13-1080 8.43203 
10-00 0.100 30.5692 21.5596 12.3788 13.2518 10.5446 6.95206 
13.33 0.075 32.7101 23.8696 14.1129 10-5238 8.52456 5.68983 
25-00 0.040 34.9251 26.3499 16.0324 5.93555 4.89903 3.31526 
50.00 0.020 35-6501 27.1774 16.6849 3.02077 2.50851 1.70548 
100.0 0.010 35.8441 27.3972 16-8582 1.51752 1.26216 0.85915 
500.0 0.002 35.9151 27.4747 16.9182 0.30404 0.25300 0.17228 
00 0.000 36.0607 27.5433 16.9794 0.00000 0.00000 0.00000 
bottom surface 
Klb Kl,, 
R bIR 2 [1 7ra -41-1 '%TPOV hpoV7ra 4R 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 20.8990 12.0253 5.70001 19-5168 14-3683 9.07031 
6.667 0.150 25.9605 16.7490 8.88866 17.4030 13-3061 8.55947 
10.00 0.100 30.8764 21.7762 12.5032 13-3850 10.6506 7.02193 
13.33 0.075 32.9564 24.0493 14.2191 10.6031 8.58873 5.73266 
25.00 0.040 35.0651 26.4555 16.0967 5.95934 4.91866 3.32855 
50.00 0.020 35.7215 27.2318 16.7183 3.02682 2.51354 1.70889 
100.0 0.010 35.8799 27.4246 16.8751 1.51904 1.26342 0.86001 
500.0 0.002 35.9223 27.4802 16.9216 0.30410 0.25305 0.17232 
00 0.000 36.0607 27.5433 16.9794 0.00000 0.00000 0.00000 
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Table 5.6: Normalised Ki of the simply supported square shallow cylindrical shell: 
uniform pressure. 
top surface 
R bIR Klb Kl,, 
7ra ll + -bRil ý-POV 
2 
6 
Fl + 4R] hPOV 7a- 
a/b 0.2 0.4 0.6 - 0.2 0.4 -0-. 6- 
5.000 0.200 51.5532 31-0765 16.1747 -24.6702 19.6380 13.1412 
6.667 0.150 60.8026 41-6170 24.8250 21.4142 18.4776 13-3529 
10-00 0.100 69.2715 53.1856 36.3114 16.0492 15.0478 11-9805 
13.33 0.075 72.7372 58.5610 42-5414 12-5806 12.2350 10.2349 
20.00 0.050 75.4208 --- --- 8.66785 --- --- 25-00 0.040 --- 64.4017 50-0627 --- 7.07517 6.26217 
50-00 0.020 --- 66-3670 52.8184 --- 3.63025 3.27870 
100.0 0.010 77-6764 66.8908 53-5546 1.78090 1.82753 1.65909 
200.0 0.005 77.7632 --- --- 0.89138 --- --- 
500.0 0.002 --- 67.0760 53.8068 --- 0.36640 0.33318 
1000. 0.001 77.8003 --- --- 0.17836 --- --- 




- [1 - 
2 L 
-41-1 6-POV f 7ra [I - -ý! -] hpov"7 ra 4R 
a/b 0.2 0.4 0.6 0.2 0.4 0.6 
5.000 0.200 52-5947 31.7043 16-5014 25-1686 20.0348 13.4067 
6.667 0.150 61.7215 42.2459 25.2002 21.7378 18.7569 13-5547 
10.00 0.100 69.9677 53.7201 36-6763 16.2105 15-1990 12.1009 
13.33 0.075 73.2848 59-0019 42.8617 12.6753 12-3271 10.3119 
20.00 0.050 75.7989 --- --- 8.71130 --- --- 
25.00 0.040 --- 64.6598 50.2884 --- 7.10352 6.29040 
50-00 0.020 --- 66.4999 52.9241 --- 3.63752 3.28526 
100.0 0.010 77.7541 66.9577 53.6082 1.78268 1.82936 1.66075 
200.0 0.005 77-8021 --- --- 0.89182 --- --- 
500.0 0.002 --- 67.0894 53-8176 --- 0.36647 0.33325 
1000. 0.001 77.8081 --- --- 0.17837 --- --- 
00 0.000 77.7295 67.0338 53.7851 0.00000 0.00000 0-00000 
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seen that as the R become smaller, the total stress intensity factor decreases faster 
in spherical shell. Also shown in the results that as the R ---ý oo, both examples 
approaching the same value of K, which is K, of a flat plate due to bending. 
As has been mentioned in chapter 3, with the capability of computer today, it 
takes only a few minute computer time for solving computational model of structures 
(in this case, using Pentium 111 650 Mhz with 256 MB RAM, this example was 
solved in less than two minutes). Therefore the main issue of computer modelling 
of structure is the time spent for data preparation. For example, the graph shown 
in Figures 5-43 is obtained from 30 models of different combinations of crack length 
and radius of curvature. As it can be seen in Figures 5-38 - 5-39, crack modelling 
using FEM is quite tedious. It took several hours to prepare data for a model 
shown in Figure 5-38. To obtain an accurate results, the area around the crack tip 
has to be modelled with a very fine mesh. Moreover it is not easy to modify the 
model for different crack length and different radius of curvature. Each different 
configuration has to be modelled individually from scratch. On the other hand, 
crack modelling using BEM is relatively easy compare to FEM. Using simple mesh 
generator developed in this work, the model can be easily modified for different crack 
length and different curvature. It took only about one hour to make all 30 different 
models. 
5.5.10 Symmetric cracks emanating from a hole in a square cylin- 
drical shells 
As the last example, consider a symmetric cracks emanating from a hole in a square 
cylindrical shell b=1; a/b = 0.2 and 0.5 as shown in Figure 5-45. The shell 
is simply 
supported on two sides. A uniform load is applied over the shell 
domain. Modulus 
of elasticity Elpo = 210000 and Poisson's ratio v=0.3. 
Ratio between hole size 
and shell width is r/b = 0.1, and the shell width to thickness ratio 
is b1h = 10. The 
value of bIR is varied between 0.0 - 0.2, where 
bIR = 0.0 represent a flat plate. 
For the analysis, a total of 132 elements, that is 8 boundary elements per side of 
the shell, 20 elements for the hole and 20 elements 
for each crack surface, and 7x7 
DRM domain points are used. 
The normalised stress intensity factors for mode I, 
KI due to bending and mem- 
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Figure 5-45: Symmetric cracks emanating from a hole in a square cylindrical shell, 








OOW I. i.. ''i'll. ill, iI. i, fI. Iii 
0.000 0.025 0.050 
--0. - K1 (due to bending) - a/b=0.2 
--*- K, (due to bending) - a/b=0.5 
0.075 0.100 0.125 0.150 
--D- K1 (due to membrane) - a/b=0.2 
--M- K (due to membrane) - a/b=O. 5 
0.175 0.200 0.225 
K1 (total) - a/b--0.2 
K (total) - a/b=0.5 
Figure 5-46: Normalised KI on the top surface of symmetric cracks emanating from 






brane are shown in Figures 5-46. The normalisation factors used here are the same 
as the ones used in the cylindrical shell example. Similar to the previous example, 
the results show that as the radius of curvature R become smaller, the Ki due to 
membrane increases while the K, due to bending decreases. The results also show 
that as the R -+ oo, that is when the panel is flat, only KI due to bending exist, 
and the value is the same as the one which is obtained for plate bending example. 
5.6 Summary 
In this chapter, a dual boundary element method formulation of fracture mechanics 
analysis of shear deformable shallow shells and plates loaded by bending and tension 
was presented. The traction integral equations were applied on one of the crack 
surface and the usual displacement integral equations on the other crack surface 
and on all non-crack boundaries. By this technique, the problems were solved in a 
single region formulation. 
Crack surfaces were discretised using discontinuous elements, while continuous 
elements were used to model all non-crack boundaries, except for corners and the 
intersection between a crack and an edge, where semi-discontinuous elements were 
used. 
To be able to model displacement field at the crack tip accurately, special crack 
tip element were developed. These displacements were used for the evaluation of SIFs 
using CSDE technique. For plate problems, J- integral technique was developed in 
the evaluation of SIFs. 
Several plate and shell examples for different geometries, loadings and boundary 
conditions were analysed, and the results presented showed good accuracy can be 
obtained with relatively coarse meshes. 
In the next chapter, crack growth simulation of plates and shells using the Dual 
Boundary Element Method will be presented. 
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Chapter 6 
Crack Growth Simulation 
6.1 Introduction 
Damage tolerance design of engineering structures are based on analysis of crack 
propagation and its effect on the structural strength. In general numerical methods 
such as the Boundary Element Method (BEM) and the Finite Element Method 
(FEM) must be used for the evaluation of crack growth parameters, as their complex 
shape and the continuously changing path of growing cracks. The simulation of 
general crack propagation using numerical techniques requires the ability to predict 
the direction and magnitude of the crack growth for a given load cycle as well as 
the ability to update the numerical model to account for the changing geometry. 
Reports on the application of the finite element method to crack growth sim- 
ulation can be found in Valliapan, S. and Murti, V. [133], Remzi and Blackburn 
[1101, O'Donoghue et al. [92], Potyondy et al. [102], Bittencourt et al. [24]. Crack 
analysis using finite element method can be quite tedious, due to intrinsic features 
of the method. Very fine mesh is needed in order to obtain accurate solutions. Fur- 
thermore, it is very difficult to simulate crack growth using FEM, because the model 
has to be remeshed for each step of the crack extension. 
The Dual Boundary Element Method (DBEM) has in recent years become an 
established numerical tool for solving crack problems. This 
is due to the inher- 
ent efficiencies within the method which include accurate representation of stresses 
(essential in accurate life prediction methods) and reduced modelling requirements 
199 
compared to other methods (i. e. only the surface of the problem needs to be mod- 
elled). Using the DBEM, cracked structure can be modelled using a single region, 
and crack extension process is simulated by introducing new boundary elements in 
each crack growth increment. Hence, remeshing of the non-cracked boundary is 
not necessary, and this has resulted in the development of techniques for automatic 
simulation of crack growth with substantially simplified modelling and improved 
accuracy of the computation. 
DBEM has been applied to two- and three-dimensional analysis of elastic, fully 
non-linear elastoplastic, elastodynarnics (rapid crack growth and impact loading), 
thermo-mechanical fatigue, fretting, concrete cracking, composite materials, stiff- 
ened panel and crack growth in cold-expanded specimens, as has been reviewed 
by Aliabadi [10]. Recently, Dirgantara and Aliabadi presented application of dual 
boundary element method to crack growth analysis of plates [41] and shallow shells 
[44]. 
In this chapter, the dual boundary element formulation for the analysis of crack 
growth in plates and shells subjected to bending and tension is presented. Crack 
extension processes are simulated by introducing new boundary elements in each 
crack growth increment. For each increment of the crack extension analysis, five 
stress intensity factors, two for membrane behaviour and three for bending and 
shear are computed. Crack-growth direction is defined based on the maximum prin- 
cipal stress criterion, and crack-growth life calculations for single crack or multiple 
cracks are obtained using the Paris empirical formula. All procedures are computed 
automatically for each cycle of crack increment. 
6.2 Crack Growth Simulation 
In general, cracking processes can extend the cracks along curved paths. 
How- 
ever, in practice, curved paths are usually modelled with flat increments which 
lead 
to piece-wise flat cracks. Crack growth incremental analysis, regardless of 
the nu- 
merical method being used, requires remeshing at the end of each 
iteration. The 
remeshing process can be quite cumbersome with 
domain type methods such as the 
FEM. On the application of conventional BEM formulation to crack growth analysis, 
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(a) 
D Displacement equation T Traction equation 
* Element node x Domain point 
Figure 6-1: Modelling strategies for dual boundary element method: (a) shells; (b) 
plates. 
using sub-regions technique, artificial boundaries which are required by sub-region 
have to be generated at each iteration [25]. As such, the method cannot be easily 
automated. 
The use of only single region, an intrinsic feature of the DBEM, eliminates the 
above mentioned remeshing difficulties. At the end of each iteration, new crack 
extension increments are modelled with new discontinuous elements, as shown in 
Figure 6-1. The new discontinuous boundary elements of the crack-extension incre- 
ment will generate new equations and update the ones already existing with new 
unknowns. In other words, new boundary elements will generate new rows and 
columns in the system matrix. This procedure is illustrated schematically in Figure 
6-2. 
If the LU- decomposition method is adopted for the solution of the system 
of equations, a very efficient incremental analysis can be carried out. For each 
increment of the analysis, only the new rows and new columns need to be LU- 
decomposed. The existing rows and columns, already decomposed, are brought 
from the previous iteration into the current one. In this work, this procedure is 
implemented to crack growth simulation of plate loaded in combine bending and 
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Figure 6-2: Schematic illustration of incremental generation of the system matrices. 
tension. 
The procedure for crack growth simulation of shell is slightly different. In this 
work, the bending and membrane stress intensity factors are evaluated using the 
crack surface displacements extrapolation technique (CSDE) , in which special crack 
tip elements are used (see section 5.4). In every increment, new crack extension in- 
crements are modelled with ne-, ý,, - discontinuous elements. Those new additional dis- 
continuous elements become ne-, v crack tip elements, and the old crack tip elements 
are modified to regular element. This feature changes some rows of the system of 
equation from preceding increment. Therefore, in this procedure, for each increment 
of the analysis the complete system of equation needs to be LU- decomposed. 
6.2.1 Crack propagation direction 
As discussed in chapter 2, the bending and shear stress intensity factors do not 
affect the direction of the crack propagation, since only mid-surface of the plate or 
shell is considered in the numerical model. The maximum principal stress criterion 
correlated only to the two membrane stress intensity factors, is used to evaluate the 
direction of crack extension. The crack will grow from the tip in the 
direction Ot 
along which the shear stress is zero, that is 
Kl(. ) sin Ot + Kjj(, ) (3 cos Ot - 1) =0 
(2.108) 
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n- current crack-extension increment 
Aa - increment size 
i- iteration number 
Ot - crack-extension direction, 
computed with the tangent angle 
correction angle 





Oi+ 1 t(n) 
a 
_. _Ot(n) ------- 
-------- 
.......... 
Figure 6-3: Incremental crack-extension direction. 
where Ot is an angular coordinate centered at the crack tip and measured from the 
crack axis ahead of the crack tip. 
According to maximum principal stress criterion, the crack path is defined con- 
tinuously by the trajectory of the maximum principal stress at the crack tip. The 
criterion does not take account of the discreteness of the crack-extension modelling 
approach. Hence, the crack extension direction in a general mixed-mode deforma- 
tion field, indicates by local tangent angle Ot shown in Figure 6-3, is always defined 
by the local stress field in the same direction, whatever length of crack extension is 
considered. As a consequence, the uniqueness of the continuous crack path cannot 
be guaranteed for different increment size of the crack-extension. Thus, the tangent 
direction of the crack path predicted by equation (6.1) must be corrected to give the 
direction of the actual crack-extension increment, taking into account the increment 
size, such that the requirement of uniqueness is satisfied. 
In this work, a procedure developed by Portela et al. [101] for two-dimensional 
crack growth analysis is adopted to overcome that difficulty. Procedure for an n-th 
crack-extension increment is schematically shown in Figure 6-3. A correction angle, 3 
is introduced in this procedure to the tangent direction Ot(,, ). The correction angle is 
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0 : --: Ot(n+l)/2, in which Ot(n+l) is the direction of the next crack-extension increment. 
This predict ion-correction procedure can be applied iteratively until convergence is 
obtained for Ot. For the current n-th crack-extension increment, the i-th iteration 
of this process can be summarized as follows: 
the crack path tangent direction 04n) is predicted by equation (6.1), for the 
first iteration only; 
* the crack is extended one increment, Aa, to P' and the new stress intensity 
factors are evaluated; 
the new crack path tangent direction O't(n+l) is evaluated by equation (6-1) 
using the new stress intensity factors; 
02 the correction angle ý' = t(,, +, )/2 is defined; 
the direction of the crack extension increment defined in previously is corrected 
to a new direction, given by 0'+1 - 02 t(n) t(n) + 02 
9 the above steps are repeated sequentially, starting with the second step, while 
10ý"j 
It can be seen that as Aa -+ 0, so does the correction angle 3 and hence, the 
crack path extension direction tends to follow the continuous crack path. 
6.2.2 Fatigue life prediction 
There are not many numerical studies reported for fatigue lives prediction of plates 
subjected to bending and tension and shells. Potyondy et al. [102] proposed an 
empirical procedure for incorporating the effect of the bending stress intensity factors 
on the crack growth rate. It is assumed that a fraction of energy from bending stress 
intensity factors also give contribution to fatigue crack growth, through the following 
relationship: 
Kef f -= %IfG-ef f 
(6-1) 
where the effective energy release rate G, f f is defined empirically as 
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Geff : -- G, +o (G2+G3+G4+G5 ), 0<, Ce <, 1.0 (6.2) 
In their examples, a=0.4 is chosen arbitrarily. Knops [72] also used the above 
empirical relationship with a=1.0, also chosen arbitrarily. The energy release rate 




Kjj(,,, ) 2 (6.4) 
E 
and G3, G4 and G5 are components of energy release rate related to maximum value 
of stress intensity factors due to bending and shear loads, 






G4 =-E (6.6) 
G5 
- 




where Kj(,,, ), Klj(,,, ) are stress intensity factors due to membrane loads, and KI(b) 7 
KII(b)i KIII(b) are stress intensity factors due to bending and shear loads. The rela- 
tionships between stress intensity factors and membrane, bending and shear stress 
resultant intensity factors Kj, K2, Klb, K2b, and K3b are presented in equations 
(2-85 - 2.90). Since the thickness of the plate is relatively small compared to the 
other geometries, only the maximum values Of KI(b) 7 
KII(b), KIII(b) is considered for 
fatigue life calculation using the numerical model based on plate and shell theories, 
where in physical reality KI(b), KII(b) varied linearly across the thickness and the 
maximum value of KI(b) and KII(b) occur at the top or bottom surface, while KIII(b) 
varied quadratically across the thickness and the maximum value of KIII(b) occur at 
the middle surface. Based on the above considerations it is reasonable that the value 
205 
of a is expected to vary between 0 and 1. In this work the value of a is proposed as KI(b 
equal to TA-K I (b + 5) AKI(, ) * 
Knowing the effective stress intensity factor Kef fI the fatigue crack growth prop- 
erties of the structural material (daldN) can be calculated using the Paris law pre- 
sented in chapter 2, i. e. 
da 
-=c K dN P(A eff)mp (2.107) 
In the present analysis, an arbitrary crack-extension increment size (Aao) is 
defined before starting the simulation. The size may be defined as the result of a 
compromise between accuracy and computational cost. The smaller the size of the 
crack-extension increment, the more accurate and time consuming is the analysis. 
6.2.3 Multiple cracks growth simulation 
The present method can also be applied for simulating the growth of multiple cracks. 
In this case, for the same number of cycles, the cracks may grow at different rates, 
therefore the crack-extension increment size for each crack tip (Aaj) for every incre- 
ment has to be determined. A predict ion-correction procedure for two dimensional 
problem developed by Salgado and Aliabadi [114] is adopted in the present analysis. 
At the end of each incremental analysis, the effective stress intensity factors 
are calculated for each crack tip, and equation (6.8) is integrated to determine, 
for each crack tip (i) the number of cycles (ANj) necessary to grow an arbitrary 










The size of AaO is constant for the whole iterations, and is defined arbitrarily 
before 
starting the simulation. For the first iteration, the integration of equation 
(6-8) is 
performed assuming that the stress intensity factors remain constant as the crack 
grows from the initial size ai to ai + AaO. 
It is then assumed that the fastest growing crack tip will grow until the chosen 
increment size AaO, and the number of cycles needed [ANC = min 
(ANj)] by that 
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crack tip is selected as the reference number of cycles. Then the crack-extension 
increment sizes of the other cracks are calculated by integrating 
NC+ANC 
Aaj = Cp 
IN 
C 
(AKef f) 'p dN (6-9) 
I 
Again, the stress intensity factors are assumed to remain constant. 
However, as the cracks grow, the stress intensity factors generally change. More 
importantly, due to the crack interaction, their relative value may change as well. 
Therefore, as in the prediction of crack growth direction, the uniqueness of the crack 
extensions cannot be guaranteed for different increment size of the crack-extension. 
To overcome the problem, an iterative procedure is applied here. After the first 
iteration, the boundary element mesh is then updated to include the new increments, 
and a structural analysis is carried out, at the end of which, the new stress intensity 
factors are calculated. The increment size is then recalculated, now taking into 
account the variation of the stress intensity factors range when integrating equations 
(6.8) and (6.9). The increments of crack extension are remeshed and another analysis 
is performed. This procedure is repeated until convergence of the increment size is 
achieved. 
Actually, the predict ion-correction procedure for direction and increment size 
are done simultaneously. 
6.2.4 Computational procedure 
Finally, by applying the procedures explained above, the computational procedure 
the DBEM for each increment of the crack extension can be summarized as follows: 
Carry out a DBEM analysis of the cracked plate subjected to bending 
and tension; 
2. For each crack tip compute the five stress intensity factors with the 
CSDE 
or J- integral technique, and calculate the effective stress intensity 
fac- 
tors range (AKff), 
3. For each crack tip compute the direction of the crack-extension increment 
using the maximum principal stress criterion; 
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For each crack tip calculate crack-extension increment size assuming that, 
as the crack grows, the effective stress intensity factors remain constant; 
5. Extend each crack tip one increment along the direction and by the size 
computed in the previous step; 
6. Perform a new DBEM analysis; 
7. Calculate a new effective stress intensity factors range; 
8. Recalculate the direction and the size using the predict ion- correction pro- 
cedure explained above, taking into account the variation of the stress 
intensity factors range; 
9. Verify convergence for the crack-extension increment direction and size. 
If not achieved, return to step (5); 
10. Repeat all the above steps sequentially until a specified number of crack 
increments is reached. 
6.3 Numerical examples 
To present the capability of the proposed method, several numerical examples are 
analysed. 
6.3.1 Rectangular plate with a centre crack loaded by bending and 
tension 
In this example, a rectangular plate with central crack loaded by edge bending 
and tension (as shown in Figure 6-4) is analysed. The stress intensity 
factors for 
this problem have been calculated by Boduroglu and Erdogan 
[33] for edge bending 
load and Tada [86] for tension. The properties of the plate are: 
h == 0.1 and 0.5 M; 
2ao = 0.2 m; 2b =2M; E= 210000 MPa and v=0.3. 
For the analysis, 8 elements per side of the plate and 8 elements 
for each initial 
crack surface are being used. The crack grows to both 
direction, with two elements 
for each crack surface are added on each increment. 
Figure 6-5 shows the result of this example. This example 
is a symmetric case, 
therefore - as expected - the crack grows straightly along 








Figure 6-4: Rectangular plate with a centre crack loaded by bending moment and 
tension, and deformed shape of DBEM model. 
DBEM results show excellent agreement with References [86] and [33]. 
6.3.2 Infinite plate with a slant centre crack loaded by bending and 
bi-axial tension 
In this example, an infinite plate with a slant centre crack loaded by edge bending 
and bi-axial tension (as shown in Figure 6-6), similar to the example presented in 
chapter 5 is analysed. To demonstrate the effect of different loading to the direction 
of crack propagation, four cases with NjIN2 = 0.0,0.5,1.0 and 10.0 are considered. 
For all cases the initial crack angle 0 is set to be 450. The properties of this plate are: 
h= VI-O m; 2aO =1m; 2b = 100 m; E= 210000 MPa and v=0.25. Experimental 
results of this example with NjIN2 = 0.0 were reported by Erdogan and Sih [50]. 
For the analysis, 8 elements per side of the plate and 8 elements for each initial 
crack surface are being used. Figure 6-8 shows the crack growth path 
for this 
example. It is shown that the crack grows in different direction for different ratios 
of N, IN2. For the case with NlIN2= 0.0, fracture angle 0 (see Figure 6-7)obtained 
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Figure 6-5: Normalised bending stress resultant intensity factors and membrane 






Figure 6-6: Infinite plate with a slant centre crack loaded by bending and bi-axial 
tension, and deformed result of DBEM model. 
9 
Figure 6-7: Fracture angle for a slant crack. 
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NIIAý = 0.0 Ni/k = 0.5 
--------------- 
NIIAý = 1.0 NI1N2 = 10.0 1 
Figure 6-8: Crack growth path of a slant crack in an infinite plate subjected to 
different ratios of N, and N2. 
the graph plotted in [50], is 53.250. In the case where NjIN2 = 1.0, the same 
amount of load is transferred in horizontal and vertical directions. The resulting, 
maximum principal stresses is in directions perpendicular to the initial crack line. 
Consequently, the crack grows on a straight path in the same direction as the initial 
crack. 
For the case with N11N2 = 0.5, the crack tends to grow in the direction closer 
to a horizontal line and for the case with N11N2 = 10.0, the crack tends to grow in 
the direction closer to a vertical line. 
6.3.3 Rectangular plate with symmetric edge cracks loaded by tor- 
sion and tension 
In this example, a rectangular plate with symmetric edge cracks loaded by edge 0 
bending and tension (as shown in Figure 6-9) is analysed. Experimental measure- 
ments for this geometry and loading were reported by Viz, Zehnder and Bamford 
[137] using Aluminium alloy 2024-T3. The properties of the plate are: h = 2.29 







Figure 6-9: Rectangular plate with symmetric edge cracks loaded by torsion and 
tension, and deformed result of DBEM model. 
Two loading combinations are presented here. In the first case, To = 112.0 Nm 
and No = 44.5 kN and in the second case To = 112.0 Nm and No = 4.5 kN. In all 
loading cases, the stress ratios R-0.7 is applied to the specimen. 
Since it is a symmetric case, only half of the plate is modelled. A total of 30 
elements for plate boundary and 8 elements for each initial crack surface are used. 
Two boundary elements for each crack surface are added in each increment. 
To obtain the fatigue diagram, constants of material data for Paris equation 
da mm ]= Cp (AKff [Nmm-3/2])m' from Hudson [65] are used. For R dN 
[cycle 
0.7, Cp = 1.24 x 10-14; MP = 4. To investigate the effect of bending stress in- 
tensity factors, three values of a are used in this work, i. e. 1.0,0.0 and a 
I AKI(b) I 
IT AKI(b) I+I AKI(m) Z 
Figure 6-10 shows numerical crack growth diagram of the specimen using the 
proposed method compared to the average crack lengths taken 
from the experiment 
[137]. 
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Figure 6-10: Crack growth curve for two loading cases of example 3; (a) first loading 
case (b) second loading case. 
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mental results. They show that stress intensity factor due to torsion moment have 
significant contribution to the crack growth rate of plate loaded in combine moment 
A 
+I 
and tension. It can also be seen that the results using a 
J'nKI(b) 
give relatively good agreement with the experimental results. 
TIAS K, (b) I+ JA K, 
It is worth noting that in the experiment the left and right crack tips grov., at 
different rates and hence the configuration is not symmetrical anymore, while in the 


















Figure 6-11: Multiple site damage problem of a plate with three holes. 
6.3.4 Multiple site damage problem of a plate with three 
holes 
In this example, a multiple site damage test specimen 
is analysed. A rectangular 
plate having a length 1= 300-00 mm and a width w= 
160-00 MM, with thickness 
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Figure 6-12: Deformed DBEM model of multiple site damage problem of a plate 
with three holes. 
h=2.00 mrn is considered. The plate has three holes of 3.0 mm in diameter, 30 mm 
apart. Each hole has two initial cracks length of 3.5 mm measured from the edge of 
the hole, (aO =5 mrn as shown in Figure 6-11). The material used for this test is 
Aluminiurn alloy 2024-T3, with yield strength uy = 331 MPa, modulus of elasticity 
E= 73 780 MPa and v=0.33. 
Two analyses are carried out in this example. Firstly the plate is loaded by 
tension only (Figure 6-11(a)) with Umax = 20% of a. and for the second load- 
ing a combination of tension and secondary bending is applied (Figure 6-11(b)). 
Multiplying Urnax with the thickness h, maximum membrane stress resultant is 
obtained to be Nmax = 0.1324 MN/m and secondary bending stress resultant is 
]VImax = Nrnaxh = 2.648 x 10-4 MNm/m. In all loading cases, the stress ratio 
R=0.3 is applied to the specimen. Experimental results for the first loading case 




Figure 6-13: Deformed DBEM model around the holes of multiple site damage 
problem of a plate with three holes. 
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Figure 6-15: Crack growth diagram for multiple site damage problems of a plate 
with three holes. 
Constants of material data for Paris equation 
da [ In ]= Cp (AKf f (MPaVim--ý) MP dN cycle 
is taken from the experimental data [142]. For R=0.3, the constants are as follows: 
Zone 11 (, AK < 46 MPavfm-) Cp = 2.838573 x 10-12 mp == 4.6 
Zone III (AK > 46 MPaVm-) Cp = 1.92750 x 10-32 mp = 16.758 
As described in chapter 2, Zone 11 is stable crack growth region, and Zone III is 
unstable/ rapid crack growth region. 
A total of 30 elements for plate boundary and 8 elements for each initial crack 
surface are used. Two boundary elements for each crack surface are added in each 
increment. 
Figure 6-12 shows deformed BEM model and 6-13 shows crack growth path 
diagram of the specimen. As the geometry and loadings of this case are symmetric, 
the cracks grow along the symmetric line. 
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Figure 6-16: Comparison of crack growth diagram for multiple site damage problems 
of a plate with three holes: (a) tension load only (a = 0.0); (b) tension and bending 
loads (a = 0.234 - 0.282 and a=1.0). 
The normalised stress intensity factor results are shown in Figure 6-14. The 
results are compared to the results reported by Dirgantara [35], obtained using 
compounding method. As it can be seen, interaction between cracks increase the 
stress intensity factors significantly. 
Figure 6-15 shows numerical crack growth diagram for this problem loaded by 
tension only compared to the experimental results. As shown in the Figure, the 
crack growth life results obtained using the proposed method are in good agreement 
with the ones reported in [142]. 
Figure 6-16 and Table 6.1 show comparison of numerical crack growth diagram 
for this problems for a=0.0 (tension only), 1.0, and the a values computed using 
the proposed formula. The oz values obtained for this example are not the same for 
each increment, and are found between 0.234 - 0.282. As shown in the figure, in 




-80 -60 -40 -20 0 20 40 60 80 
Table 6.1: Fatigue crack growth life of multiple site damage problem of a platewith three holes. 
N (cycles 
Experiment (tension only) (Widagdo, 1995) 125976 
a=0.0(tension only) 124245 
a=0.234 - 0.282 123361 
a=1.0 121001 
6.3.5 Crack propagation in a cylindrical shell 
Figure 6-17: A cylindrical shell with a crack, simply supported and subjected to 
internal pressure. (a) the crack is along symmetric line; (b) the crack is at distance 
e from symmteric line. 
The first shell example analysed here is a simply supported square cylindrical 
shell of length b=I with a centre crack of initial length alb = 0.2 as shown in 
Figure 6-17. A uniform pressure is applied over the shell domain. Modulus of 
elasticity of the material is chosen Elpo = 210000, Poisson's ratio v=0.3 and shell 
thickness b1h = 10. The curvature kii = 0.0 and k22 = 0.1. Ratio 
between the shell 
width and radius of curvature bIR = 0.1. To study the effect of curvature and crack 











Figure 6-18: Deformed DBEM model of a cylindrical shell with a crack: (a) the 
crack is along symmetric line; (b) the crack is at distance e from symmteric line. 
considered. In the first configuration an initial crack is located along the symmetric 
line (see Figure 6-17(a)), whereas in the second configuration the initial crack is 
located at a distance e (in this example e=0.025b) from the symmetric line (see 
Figure 6-17(b)). 
For the Dual BEM analysis, half of the shell is modelled with a total of 30 
elements along the sides of the shell and 10 elements for each initial crack surface 
are used, together with 4x9 DRM domain points. The simply supported boundary 
conditions are Ot = 0; W3 = 0; and ul =0 along the sides of the shell, and 0" =0 
and ul =0 along the symmetric line. Two elements for each crack surface are added 
in each increment of crack propagation. 
Figures 6-18 - 6-21 present deformed shape and crack trajectories of analyses. 
As it can be seen, the crack which is located along the line of symmetry grows along a 
straight path, while the crack which is located at a distance e from the symmetric 
line 
(in this example e=0.025b) initially grows in a direction parallel to the symmetric 
line before changing direction. This type of crack growth is referred 
to as flapping 
effect of cracked cylinder. This effect is also observed 
during experiments, reported 
by Peters and Khun [98], as can be seen in Figure 6-22. 
Stress intensity factor results are presented in Figure 6-23. 












Figure 6-19: Crack trajectory of a cylindrical shell with the initial crack is located 
at distance e from symmteric line. 
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Figure 6-20: Top view of DBEM model of a cylindrical shell with the crack is along 











Figure 6-21: Top view of DBEM model of a cylindrical shell with the crack is at 
distance e from symmetric line: (a) initial geometry; (b) after the crack has grown. 
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(a) Initial crack is located along the symmetric line 
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(b) Initial crack is located at a distance e from the symmetric line 
Figure 6-23: Normalised stress intensity factors of simply supported cylindrical shell 
subjected to uniform pressure. 
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Figure 6-24: A spherical shell with a crack, simply supported and subjected to 
internal pressure: (a) the crack is along symmetric line; (b) the crack is at distance 
e from syrnmteric line. 
and KIII of the crack which is located along the line of symmetry are very small 
and this case can be considered as pure mode I case. On the contrary, the case with 
the crack located at a distance e from the symmetric line is a mixed mode crack 
problem. KII and KIII initially are very small, however as the crack grows and 
start to flap, Kj(,,, ) and KI(b) decrease while KII and KIII increase rapidly. 
6.3.6 Crack propagation in a spherical shell 
As the second shell example, a simply supported square spherical shell of length 
b=I with a centre crack of initial length a/b =: 0.2 as shown in Figure 6-24 is 
analysed. A uniform pressure is applied over the shell domain. Modulus of elasticity 
of the material is chosen Elpo = 210000, Poisson's ratio v=0.3 and shell thickness 
b1h = 10. The curvature k1l = k22 = 0.1. Ratio between the shell width and radius 
of curvature bIR = 0.1. As in the previous example, two different initial crack 
positions are considered. In the first configuration the crack is located along the 
symmetric line (see Figure 6-24(a)) whereas in the second configuration, the crack 




Figure 6-25: Deformed DBEM model of a spherical shell with a crack: (a) the crack 
is along symmetric line; (b) the crack is at distance e from symmteric line. 
Figure 6-24(b)). 
As in the previous example, half of the shell is modelled with a total of 30 
elements along the sides of the shell and 10 elements for each initial crack surface 
are used, together with 4x9 DRM domain points. The simply supported boundary 
conditions are Ot --= 0; W3 = 0; and ul =0 along the sides of the shell, and 0" =0 
and ul =0 along the symmetric line. In this DBEM simulation, two boundary 
elements for each crack surface are added in each increment of crack propagation. 
Figures 6-25 - 6-27 present deformed shape and crack trajectories of analyses. 
As it can be seen, same as in cylindrical shell, the crack which is located along the 
line of symmetry grows in a straight path. In the second case where the crack which 
is located at a distance e from the symmetric line (in this example e=0.025b), the 
crack trajectory is different compare to the one in cylindrical shell. Here, the crack 
tends to grow in a direction approaching the symmetric line. 
Figure 6-28 presents stress intensity factor results of this example. Same as the 
one in cylindrical shell, the case with the crack located along the line of symmetry 
can be considered as pure mode I case, and the case with the crack located at a 
distance e from the symmetric line is a mixed mode crack problem. However, the 
growth behaviour of the crack is different to cylindrical shell. In this example, K, 





Figure 6-26: Top view of DBEM model of a spherical shell with the crack is along 











Figure 6-27: Top view of DBEM model of a spherical shell with the crack is at 
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(b) Initial crack is located at a distance e from the symmetric line 
Figure 6-28: Normalised stress intensity factors of simply supported spherical shell 
subjected to uniform pressure. 
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6.4 Summary 
In this chapter, an application of dual boundary element method to crack growth 
analysis of plates and shells was presented. Using the DBEM, the problems can be 
solved in a single region formulation. This method was shown to be efficient for 
crack propagation, as no remeshing was needed in simulating crack growth since 
new elements were simply added for every increment of crack extension. 
Several examples of crack growth analyses in plates and shells for a single crack 
as well as multiple cracks, including mixed mode example with different geometries, 
loadings and boundary conditions were presented. Crack growth direction and fa- 
tigue life of some examples presented in this chapter were validated with experiments 
and the results obtained were shown to be in good agreement with experimental re- 
sults. 
The following chapter will presents the application of multi region formulation 
of boundary element method for analysis of assembled plate-structures. 
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Chapter 7 
A Multi-Domain BEM 
Formulation for Assembled 
Plate- Structures 
7.1 Introduction 
Thin walled structures loaded by in-plane and out-of-plane loading are widely used 
engineering, therefore it is important to develop tools for the analysis of such 
structures. Tanaka and Miyazaki [126] presented the direct BEM for elastic plate- 
structure based on boundary element formulations of Kirchhoff plate and plane stress 
elasticity theory. The above paper appears to be the only BEM work reported for 
assembled plate-structures. 
In the present work the boundary element method is applied to the analysis of 
assembled plate-structure subjected to arbitrary loadings. The structure is divided 
into several regions, and equilibrium and compatibility equations along the interface 
edges are imposed. In each region, formulation is formed by coupling the boundary 
element formulation of shear deformable plate bending and the two dimensional 
plane stress elasticity. The boundaries are discretised into quadratic isoparametric 
elements. Several examples with different geometries and loading conditions are 
presented to demonstrate the efficiency of the proposed formulation. The results 







Figure 7-1: A flat plate subjected to bending and membrane loads. 
7.2 Multi-Region Formulation of Plate Structure 
Consider a flat plate subjected to bending and membrane loads as shown in 
Figure 7-1. The boundary integral equations for the problem were presented in 
chapter 3 (see equations (3.112 - 3.113)) as, 
cij (X/ ) wi (X, ) + Pij (xi , x)wj (x) dIP (x) Wi*j (xi , x)pj (x) aT (x) 
9 
Wi*3 (x', X) q3 (X) d9 (X) (3.112) 
coa (X 1) ua (X + TO* (x', x) u, (x) aT (x) UO*, (x/ , x) t, (x) dF (x) (3.113) 
r, 
represent five displacement integral equations for this problem. 
Now, consider the assembled plate structure as shown in Figure 7-2(i). The global 
coordinate system is denoted by 0- X1 - X2 - X3, and the local coordinate system by 
0/ - xf - x' - x'. By observation of Figure 2-3 for the local coordinate system and 123 
Figure 7-3 for global coordinate system, the boundary element method parameters in 
local coordinate system w' wl , w/ 7 W1 
IT 
I U/ =f U1 7 U/ 
IT 
, p/ = 
fp/, pl, pf IT and 12312123 
t/ =f tf , 
tl IT can be transformed to global coordinate system using the coordinate 12 
W, 


















transformation matrix to obtain 
u1 Ul 1 1 W2 01 
[T] U2 ýU2 [T] wi 02 
wi 3 U3 0 03 
t/ 
1 tj -P2 Ml 
t, t2 P, (7.2) 2 M2 
I P3 t3 0 M3 
where u= JU1 7 U2 U3 
IT are displacements in X1 -i X2 -, and X3 - directions respec- 
tively and 0f 01 02 03 IT are rotations about X1 -) X2 -, and X3 - axes respectively. 
The vector t ftl t2 t3 IT are tractions due to membrane and shear stress resultants 
in XI -7 X2 -, and X3 - directions respectively and m= ýral M2 M3 IT are tractions 
due to bending stress resultants about -ýrl -7 -ýr2-, and -C 3- axes respectively and [T] 
is the coordinate transformation matrix. 
To solve the problem using boundary elements, the structure is divided into 
several region, as shown in Figure 7-2(ii) with at least one region for each plate 
component. For each region, boundary element influence matrices in their local co- 
ordinate system are assembled. The overall system matrices are formed by enforcing 
along the interface boundary of the plates, compatibility equations of displacements 
and equilibrium equations of tractions are satisfied, that is 
UM =U 
(2) 
; U(I) == 
(2) 
and u(l) =u 
(2) (7.3) 
112 U2 ;33 





(1) t(2) ; and t(l) = -t 
(2) (7-5) 
2233 




andTn(l) =: -m 
(2) (7.6) 
112 -7'n2 ;33 
Arranging all equations into linear system of equations, the 
final matrix for 
assembled plate-structure can be obtained as follows : 
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u 
H' H' 1 12 0 0 -G12 0 ul 12 
00 H" H", 22 -C// 0 21 11 u 2 
00 00 E12 E21 if U21 




G/ 0 1 tl 1 b" 2 




where E12, E21 are the matrices for equilibrium equations and C12, C21 are the 
matrices for compatibility equations. After imposing the boundary conditions, the 
system of algebraic equations can be solved for the boundary unknowns using stan- 
dard Gauss elimination procedure. 
This simple strategy is robust and allows the BEM to effectively model general 
assembled plate structures subjected to arbitrary loadings. 
7.3 Numerical Examples 
Several numerical examples are presented to demonstrate the ability of the proposed 
method for analyses of assembled plate structures subjected to general loadings with 
different boundary conditions. 
7.3.1 Cantilever plate with variable thickness and modulus of elas- 
ticity 
In this example, a cantilever beam with variable thickness loaded by uniformly 
distributed vertical load per unit area q (as shown in Figure 7-4) is analysed. The 
properties of the plate are: Ll = 1.0 ; L21L, = 1.0 ; L31L, = 2.0; t, IL, = 0.10; 
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Figure 7-4: Cantilever plate with a variable thickness: uniformly loaded. 
t2/Lj = 0.05. The Poisson's ratio is chosen to be z, / = 0.0 to allow comparison 
with exact beam solution. In this example, two analyses are carried out, that is 
ElIq = E21q = 100000, and, ElIq = 200000 and E21q = 100000. 
The configuration is divided into two sub-regions, where 12 elements for each 
region are used. Analytical solution for this example can be derived using the 
Bernoulli-Euler beam theory to give 
15qL3 Li 4+ qL3 L2 
4 
where 11 = 
L3 tl 3 
-" d 12 = 
L3 t2 3 
(7.8) 
8EI 1-1 SE212 12 12 
and the exact solution for the vertical tip deflection taking into consideration the 
effect of shear deformation can be derived using solutions presented in [129] to give 
15qL3 L, 4 
8Ej-Tj 
qL3 L2 4 
8E212 
33qL3 tl 2 Li 2 
40E11, 
3qL3 t2 2 L2 2 
+ 20E212 (7.9) 
Table 7.1 shows the result of this example. As it can be seen, with a relatively 
coarse mesh, the BEM results are in excellent agreement with the exact solution. 
It can also be seen that the difference between exact solution and the analytical 
solution using Bernoulli-Euler beam theory for thin plate structure 
is not significant, 
235 
the difference between the two theories is less than 0.1%. 
Table 7.1: Normalised deflection w/Li at the tip of a cantilever beam: uniformly 
loaded. 
Deflection w/Ll ElIq = E2/q = 105 
ElIq =2x 105; 
E21q = 105 
BEM 0.34555 0.23288 
Bernoulli-Euler beam theory 0.34500 0.23250 
Exact 0.34537 0.23287 
7.3.2 L-shape plate structure 
In this example, two rectangular plates of the same size and thickness, are jointed 
together to form an L-shape plate structure (as shown in Figure 7-5). The properties 
of the plates are: Li = 1.0 ; L21L, = 1.0 ; L31L, = 2.0; tj1L1 -:::: t2/Li - 0.1 ; 
ELj1q = 100000 and v=0.0. Angle between the two plates is 900. The L-shape 
plate structure is loaded by a distributed loading per unit length q along the tip 
edge of horizontal plate. 
T7 
z 
Figure 7-5: L-shape plate structure. 
t2 
t3 The model is divided into two sub-regions, with 12 elements 
for each region are 
used for discretisation. 
The analytical solution for the tip deflection using the 
Bernoulli-Euler beam 
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theory is given as 
qL3 L2 3 
3EI 
2 qL3 L, 2 L, 
El c; -. 1o) 
and the exact solution for the vertical tip deflection taking into consideration the 
effect of shear deformation is given as 
qL3 L2 2 L, 
+ qL3 
L2 3 qL3 t2/2 2 L2 
+ ýL1 EI 3EI 21G tiE 
Figure 7-5 shows the deformed shape for this example and table 7.2 shows the 
results for the tip deflection. As it can be seen the BEM results are in excellent 
agreement with the exact solution. 
Table 7.2: Normalised deflection w/Li at the tip of an L-shape plate structure. 
Deflection w/Ll 
BEM 0.16033 
Bernoulli-Euler beam theory 0.16000 
Exact 0.16040 
To demonstrate that this method is capable of modelling plate structures jointed 
together with an arbitrary angle 0 between the two plates, Ishape plate structures 
with 0= 910,950, and 1200 are analysed. In the analyses, the same number of 
sub-regions and elements as for the example with 0= 900 are used. 
The analytical solution for the vertical tip deflection using the Bernoulli-Euler 
beam theory is given as 
qL3 
[L2 COS (0 





El ' 2EI - 3EI 
) 
and exact solution for the vertical tip deflection taking into consideration the effect 
of shear deformation is given as 
qL3 [L2 COS (0 -900), El 
+ 





Figure 7-6: L-shape plate structure jointed with an arbitrary angle 0. 
L, 2 sin (0 - 900) ti/2 
2 sin (0 - 900) + 2EI 21G 
qL, cos (0 - 900) 
tjE 
(7.13) 
Figure 7-6 shows the deformed shape of this example and table 7.3 shows the 
results for the tip deflection. The BEM results are in excellent agreement with the 
exact solution. 
Table 7.3: Normalised deflection wIL, at the tip of an L-shape plate structure. 
Deflection wIL, 0 == 910 0 == 950 0 =: 1200 
BEM 0.16136 0.16493 0.16483 
Bernoulli-Euler beam theory 0.16102 0.16460 0.16455 
Exact 0.16142 0.16497 1 0.16476 
7.3.3 Cantilever box subjected to bending and torsion 
In this example, a cantilever box subjected to bending and torsion (as shown in 
Figure 7-4) is analysed. The properties of the plate are: t=2.0 mm; L, = 800 mm; 
L2 = 2000 mm; L3 = 100 mm; E= 70000 MPa and v=0.3. The load is simulated 
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Figure 7-8: Deflection of the box due to bending. 
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Figure 7-9: Deformed shape of the box due to torsion. 
by placing a force couple F= 5000 N at the tip. 
The boundary element model is divided into four sub-regions, where 16 elements 
for each region are used. For comparison, a finite element model with 400, four-node 
linear quadrilateral elements using I-DEAS is also analysed. The analytical solution 
for this problem is obtained using the Bernoulli-Euler beam theory, as 
2F L2 3 
where I=IL, L3 3- (Li - 2t) (L3 - 2t)3 (7.14) 3E-T 12 
11 
Table 7.4 and Figure 7-8 show the results obtained using BEM and FEM for 0 
the tip deflection and Figure 7-9 shows deformed shape due to torsion. As it can 
be seen, the BEM results are in good agreement with FENI results and the exact 
solution. 
Table 7.4: Normalised deflection wIL2 at the tip of a cantilever box. 
Deflection wIL2 
BEM (64 elms) 0.023009 
FEM (400 elms) 0.025559 









Figure 7-10: Quarter of a pressurized cylinder. 
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Figure 7-11: Deformed shape of clamped quarter cylinder (50x magnification). 
7.3.4 A quarter of a long cylinder, clamped and loaded by internal 
pressure 
In this example, a quarter of a cylinder having a radius R and length LIR = 20, 
clamped on all sides and loaded by internal pressure p is analysed, see Figure 7-10. 
Ratio of the modulus of elasticity and internal pressure Elp = 100000 and Poisson's 
ratio v=0.3 are chosen. Six BEM regions are used to model the structure with 24 
elements for each region (4 elements on the short side and 8 elements on the long 
side). A total number of elements used are 144. For comparison, the structure is 
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Figure 7-12: Displacement in global z- direction along the interface between regions. 
shape of the structure at y1L = 1/2. Figure 7-12 shows the displacement in global z- 
direction along the interface between regions. As it can be seen from the figure, the 
FEM results show an oscillation near the edges, which is not occurring in the BEM 
results. For the points away from the edges, BEM results are in good agreement 
with FEM results. 
7.3.5 A cantilever box with a centre crack on the upper skin, sub- 
jected to bending 
To demonstrate the application of the dual boundary element method in multi- 
region formulation, a cantilever box with a centre crack on the upper skin subjected 
to bending (as shown in Figure 7-13) is analysed. The properties of the plate are 
the same as in the previous example, i. e. t=2.0 mm; Ll = 800 mm; L2 = 2000 
mm; L3 =-- 100 mm; E= 7oooo MPa and v=0.3. The load is simulated 
by placing 
a force couple F= 5000 N at the tip. The crack is modelled with 
12 elements for 
each surface. 
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Figure 7-14: Normalised mode I and II stress intensity factors due to bending load 
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Figure 7-15: Normalised mode III stress intensity factors due to shear load for a 
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Figure 7-16: Normalised mode I and 11 stress intensity factors due to membrane 
load for a cantilever box with a centre crack on the upper skin. 
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where I= -1 
[Li L3 3- (Li - 2t) (L3 - 2t)3] 1 12 





Li (L3 1142 
The above normal and shear stresses are chosen as far field stresses in the normali- 
sation factor for the stress intensity factors. 
Figures 7-14 - 7-16 show the stress intensity factors obtained here. As it can be 
seen, this case is dominated by membrane stress intensity factors. 
7.4 S ummary 
In this chapter, an application of boundary element method to analyses of assem- 
bled plate-structures subjected to arbitrary loading was presented. Multi-region 
technique was used to model the structure. Additional equations needed to solve 
the problem were obtained by imposing compatibility and equilibrium equations 
along the interface boundaries. 
Several examples with variable material properties, variable thickness and vari- 
able positions as well as plate structure containing crack with different 
loadings and 
boundary conditions were analysed. It is shown that good accuracy can 
be obtained 
with relatively coarse meshes. 
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Chapter 8 
Conclusions and Future Work 
This chapter contains the final conclusions and recommendations for future research. 
These conclusions are based on methods developed in the previous chapters, by which 
the main objectives outlined in Chapter 1 were achieved. The possible extensions 
of the present work are also discussed. 
8.1 Conclusions 
The work presented in this thesis can be divided into two main categories: the bound- 
ary element formulation including hypersingular formulation for shear deformable 
plates and shells and the application of dual boundary element method for fracture 
mechanics analysis of shear deformable plates and shells. 
The main conclusion of the work are that the proposed boundary element meth- 
ods are efficient for solving plate and shell structures subjected to bending, mem- 
brane and pressure loads. The method can also be applied efficiently to fracture 
mechanics analysis of plates and shells. 
In chapter 3, the basic displacement boundary integral equations were derived. 
The formulation was implemented in a computer code using quadratic boundary 
elements. The domain integrals are evaluated using cell integration and the dual 
reciprocity technique. The boundary stress resultants were computed using the 
derivatives of the shape functions. Several examples were solved. The results were 
compared to results of the classical and shear deformable plate and shell theories. 
The following conclusions can be made based on the results presented in chapter 
3: 
246 
1. The shear deformable plate and shell theories can be used to model both thin 
as well as thick plates and shells. The range of thickness to width ratios h1b 
tested in this work were 0.01 - 0.2. It was shown that the method was capable 
to accurately analyse shells having h1b = 0.2, while for the same case the 
classical theory resulted in 18.6% error. The theory used, hence) overcome the 
difficulties that arise from the modelling via the classical plate and shell theory. 
2. The evaluation of domain boundary integrals using the dual reciprocity tech- 
nique were found to be more accurate than domain integration using constant 
cell discretisation. The computing time needed for the dual reciprocity tech- 
nique is about four times longer than the corresponding domain integration 
using constant cell. 
3. The present formulation has the same singular behaviour as that in two- 
dimensional elasticity problems, therefore modelling strategy, and the evalua- 
tion of singular integrals which has been developed for two-dimensional prob- 
lems can be applied directly to the present formulation. 
The hypersingular boundary integral equations were derived in Chapter 4. Both 
the bending moment and the shear force integral equations were considered and 
finally the traction integral equations for plates and shells were formed. The domain 
integrals are evaluated using the dual reciprocity technique. The traction equations 
were used together with displacement equations to form the dual boundary element 
method (DBEM). 
Applications of the DBEM to fracture mechanics analysis of plates and shells 
are the second main category of the work in this thesis. Chapter 5 presented the 
DBEM and methods for evaluation of the stress intensity factors, that 
is a special 
crack tip elements, crack surface displacements extrapolation 
(CSDE) and J- inte- 
gral techniques. In Chapter 6, incremental crack growth analysis using 
DBEM was 
presented. Modelling strategies, determination of crack growth 
direction, fatigue life 
calculations and multiple crack growth analysis were explained 
in this chapter. The 
conclusions made from the work related to this subject are: 
1. In evaluation of the stress intensity 
factors, the CSDE techniques using special 
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crack tip elements gives the same level of accuracy compare to the J- integral 
techniques for the same number of elements, and both techniques were shov%-n 
to give accurate results. It was shown that < 1% accuracy can be achieved 
using both techniques. Using both techniques, this level of accuracy Ný"ere 
achieved with crack tip element length to crack length ratio 1/2a < 0.025. 
2. If the crack is modelled with enough number of elements, different integral 
path does not give significant effect to the stress intensity factors. Nurnber of 
internal points used for J- integral technique in this work is 32. 
3. The shell curvature has significant effect on the stress intensity factors. It Nvas 
shown that for shell subjected to internal pressure, as the radius of curvature R 
become smaller, i. e. the shell become deeper, the stress intensity factors due to 
bending decrease while the stress intensity factors due to membrane increase. 
This phenomena happened because shell structure is capable of transferring CD 
the pressure loads into membrane stresses. 
4. Several fatigue life calculation examples were shown to be in good agreement 
with experimental results. It was also demonstrated that the proposed method 
was capable of modelling crack flapping effect which has been observed in t1le 
experimental study of pressurized cylindrical shells. 
5. The present formulation is a robust and efficient alternative to domain type 
methods. Moreover, it is reliable in the prediction of the stress resultant 
intensity factors and very efficient for crack growth simulation, since remeshinor 0 
is not needed during simulation. 
6. The formulation was shown to be accurate and requiring small number of 
elements compared to domain type methods. 
Chapter 7 presented a multi-region boundary element formulation 
for assembled 
plate-structures. In this chapter, compatibility and equilibrium equations needed 
to 
solve the problem were explained. Several conclusions 
drawn from the work related 
to this subject are: 
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The proposed method was shown to be able to analysed assembled plate- 
structures with variable material properties, thickness and positions including 
fracture mechanics analysis of plate-structure. 
2. Using a coarse mesh, example results were shown to be in a good agreement t5 
with exact solutions and other numerical techniques. 
8.2 Future Research 
The application of the boundary element method for plates and shells presented in 
this work can be extended further to several area of researches, and are described 
as follows: 
1. More accurate calculation of bending and shear stress intensity factor by taking 
into consideration crack closure due to bending. 
2. Elastoplastic analysis of plates and shells including fracture mechanics analysis. 
Here, non-linear J- integral can be utilised as a fracture parameter. 
3. DBEM for thin shells can also be extended for modelling large cracks, to 
include the effect of bulging which will involve geometric non-linearity. 
4. The coupling of plates and shell model to three-dimensional analysis will pro- 
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Appendix A 
Evaluation of Modified Bessel 
Functions 
1±, (z), the Vth order modified Bessel function of the first kind, and K, (z) the Vth 










1, (z) is bounded as z --+ 0 in any range of arg z. The function K, (z) tends to zero 
as IzI --+ oo in the sector jarg zj < 21. The functions 1, (z) and K, (z) are real and 2 
positive when v>-1 and z>0. Polynomial approximations of the functions 10 (z) 
11 (z) , and KO 
(z) and K, (z) can be found in Abramowitz & Stengun [4], and are 
given in the following sections. 
A. 1 Polynomial Approximations of 10 (x) 
The polynomial approximations of the zeroth order modified Bessel function of the 
first kind lo (x) are: 
for - 3.75 <x<, 3.75 
Io (x) =1+3.5156229 
(X )2 








+0-0045813 (x 3.75 
where 
and for 3.75 <x< oo 
0.2659732 (' `6 ) 
3.75 
+61 
jEj I<1.6 x 10-7 
(Ad) 
(A. 2) 





3.75 )3 (x 
-0.02057706 
3.75 )5 (x 
-0-01647633 
3.75 )7 (x 
where 
+ 0.00916281 
3.75 )4 (x 
+ 0.02635537 





1621 < 1.9 X 10-7 
A. 2 Polynomial Approximations of 11 (x) 
(A-3) 
(A. 4) 
The polynomial approximations of the first order modified Bessel function of the 
first kind 11 (x) are: 
for -3.75 <x<3.75 
0.5 + 0.87890594 (x)2+0.51498869 
()4 
3.75 3.75 
+15084934 x6+ 02658733 x)8+0.00301532 
(X )10 
3.75 3.75 3.75 
+0.00032411 x 
12 





IIE31 <8x 10-9 
and for 3.75 <, x< oo 
(A-6) 
-' f--Ii (x) = 0.39894228 - 0.03988024 














+ IE4 (A. 7) 
(xx 
where 
1641 < 2.2 x 10-7 (A. 8) 
A. 3 Polynomial Approximations of KO (x) 
The polynomial approximations of the zeroth order modified Bessel function of the 
second kind Ko (x) are: 
for 0<x< 
Ko (x) =- In 








(D + 0.00000740 
(1)12 + IE5 (A. 9) 22 
where 
lE51 <1 10-8 (A. 10) 
and for 2 <, x <, oo 
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JE61 < 1.9 X 10-7 (A. 12) 
A. 4 Polynomial Approximations of K, (x) 
The polynomial approximations of the first order modified Bessel function of the 
second kind K, (x) are: 
for 0<x< 













+ E7 (A. 13) 
22 
where 
1671 <8x 10-9 
and for 2<x<, oo 
(A. 14) 
















+ E8 (A. 15) 
x 
1 c8l < 2.2 x 10-7 (A. 16) 
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Appendix B 
The Limits and Jump Terms of 
the Integral Equations for 
Shallow Shells 
From Figure 3-4 shown in chapter 3, the following relationships can be obtained: 
r=6; r,, = 1; aT = Edýp; 




... cdV (B. 3) 
and 
lim A(Ae -- -1 - 
E-0 2' 
jiM \2S2 KO(Ae) = 0; 6-0 
lim AeK, (, \e) 1; 
E--->0 




B. 1 The Displacement Integral Equations 
Equation (3.54) can be written in the following form: 
Wi (X/) +I* --zI* *+, *+6 1 -- 23 4* -5 (B. 5) 
The boundary values of wi are assumed to satisfy H61der continuity. The boundary 
integrals 12* and 13* contain weakly singular kernels and the integrals 14*, 15' and 16* 
are domain integrals which also contain weakly singular kernels, and these integrals 
will lead to no jump terms and they exist in the limit in normal sense. 
The integral I, * contains Pi*j which has a strong singularity of 0(1/r), therefore 
one term of the Taylor series expansion for the integrand is appropriate. Hence, the 
integral I, * can be written as follows: 
lim 
6--+Ofr 
_r, +r, - 
ij x, x) wj (x) dr (x) 
lim xl, x)wj(x)dF(x) + lim Pi*, x' x)[wj(x) - wj(x')]dF(x) E-Oir - 
pi*i ( E-+O 




P. * 1 (x 
, x) dr (x) 
(B. 6) 
where IF* is the boundary a semi-circular domain around the point x', IF, is the 6 
original boundary which is replaced by r, *, and IF is the rest of the boundary, as 
shown in Figure 3-4. 
In the above integrals, the second term on the right hand side (RHS) is zero 
in the limit as e -+ 0. The first term on the RHS forms a Cauchy principal value 
integral. By considering the relationships in equations (B. 1 - B. 3) and the limits 
in equation (B. 4), the last term on the RHS leads to the following jump term: 
Wj (x/) lim Pi; (x/ , x) aT 
(x) öijwj W) (B. 7) 
2 
Equation (3.55) can be written in the following form: 
4 (B. 8) 7+4 +110 UO (X/) + I; 
The boundary values of ug are assumed to satisfy Hblder continuity. The integral 
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R contains weakly singular kernels and the integrals 18* and 11*0 are domain integrals 9 
which also contain weakly singular kernels. These integrals will lead to no jump 
term and they exist in the limit in normal sense. 
The integral 17* contains T(')* which has a strong singularity of 0(1/r), therefore Oa 
one term of the Taylor series expansion for the integrand is appropriate. Hence, the 
integral I, * can be written as follows: 
T(') * (x' x) u (x) dr (x) lim E-0 
liml T, i)*(xi, x)u(x)dr(x) E-0 -re 
+ lim T(')* (x' x) [u, (x) - u, (x)]d]P(x) E-o Oa 
+UC, (X/) im T, (')* (x' x) aT(x) oa (B. 9) 
The second term on the RHS in equation (B. 9) is zero in the limit as e -+ 0. The 
first term on the RHS forms a Cauchy principal value integral. Again, by considering 
the relationships in equations (B. 1-B. 3), the jump term appear from the last term 
on the RHS as follows: 




boaua(X (B. 10) 
B. 2 The Bending Stress Resultant Integral Equations 
Equation (4.1) can be written in the following form: 
Maß (X1) + Iltl + 112 ý 13 + 
114 + 15 
The boundary values of wi are assumed to be C', ', (0 <a< 1) to allow for the 
Taylor series expansion for the integrands up to two terms. In the following, each 
of the integrals in equation (B. 11) will be expanded and considered 
individually. 
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The integral 11*1 
The integral 11*1 can be written as: 
lim P*ß(x', x)wy(x)aT(x) = lim Pc, ß, y 
W, x) Wy (x) aT (x) e-o 
Ir-r, 
+r, -, 
lim P, *ß--y(x', x)[w-, (x) -w-Y(X') -w-y, o(x')(xo(x) -xo(x'»]aT(x) E--*O 
W7 (X') lim P*, ßY(xý, x)aT(x) C-Oir. *, 
w-y, O(X/) lim P, *oy (x', x) (xo (x) - xo (x» dr (x) (B. 12) 
It has to be noted that the integral 11*1 contains the kernel P,, *, 3,, which is hyper- 
singular of 01 therefore two terms of the Taylor series expansion for the 
( 
r2 
+ ln r), 
integrand are appropriate. 
In the above integrals, the second term of the RHS is zero in the limit as e --+ 
The first and third RHS terms together form a Hadamard principal value integral 
[57]. Detail explanation of limiting processes for Hadamard principal value integral 
and its application to BEM can be found in Portela [99] and Mi [82]. By considering 
the relationships in equations (B. 1 - B. 3) and the limits in equation (B. 4), the last 
term on the RHS leads to the following jump terms: 
, ß, y 
(x', x) (xo (x) - x, 9 (x'» aT (x) w, Y, 0 (X') lim P* 
D(I + v)(1 - v) (Wß(X') + W', 'p(X, 
) + wýy, ýy(x')ýß) 
(B. 13) 
16 
Now, the integral 11*1 can be written as follow: 
P, *ßy (x', x) my (x) dIP (x) 
D(l + v)(1 - v) (Wß, c, 
W) + wa, ß W) + W-Y, -y 
W) baß) (B. 14) 
16 
where denotes the Hadamard principal value integral. 
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The integral 11*2 
The integral 11*2 can be treated in a similar way as that of the integral 11*1, but as 
the kernel P, *03 contains a strong singularity of 0(1/r) then only one term of the 
Taylor series expansion is needed for 11*2. So that the integral 11*2 can be written as 
follows: 
i@ P,, 33(X, X)W3(X)aT(X) 














In the above integrals, the second term on the RHS is zero in the limit as e --+ 0. 
The first term on the RHS forms a Cauchy principal value integral. By considering 
the relationships in equations (B. 1 - B. 3) and the limits in (BA), the jump terms 
that appear from the last term on the RHS vanish. So that the integral 11*2 can be 
written as follows: 
P* l '12 =j,, 33(X', X)W3(x)dl'(x) 
The integral 11*3 
(B. 16) 
The integral 1-1*3 contains W, *, O,, which is strongly singular of 0(1/r). Using the first 
term of the Taylor series expansion of MyO the following form can be written: 
-T1*3 - 
"M W,, *,, 3,, (x', x)p,, (x) dI(x) = lim W, *,,, a,. y 
(x', x)p,, (x) dT (x) + 
E-0 E-0 
Ir 
+ lim (x', x) no (x) [MO (x) - M, -ýO 
(x') ] dT (x) + 
E-0 
MYO (x/) lim W, *p (x/, x) no (x) dr (x) (B-17) 
In the above integrals, the second term on the RHS is zero in the limit as e --+ 0. 
The first term on the RHS forms a Cauchy principal value integral. Considering the 
relationships in equations (B. 1 - B. 3) and the limits in 
(B. 4), the last term on the 
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RHS leads to the following jump terms: 
MIO(X') lim W, *, ß(x, x)no(x)d]P(x) e--+Oirý* 
M-ry (X, ) bczp 2(v - 3) Mao(x') 
( 
16 16 
Now, the integral 11*3 can be written as follows: 
113 
+ 
The integral 11*4 
lw«*(xl 
, x)p 
(x) aT (x) 
mýyY(XI)bap 2(v - 3) MCß(X, ) 16 16 
(B. 18) 
(B. 19) 
This integral contains W, *03 which is a weakly singular kernel. This integral will 
lead to no jump term and it exists in the limit in normal sense, so that the integral 
11*4 can be directly written as follows: 
The integral 11*5 





I 'p (B. 20) 
This integral is domain integral which contains a weakly singular kernel, therefore 
this integral will lead to no jump term and it exists in the limit in normal sense, so 
that the integral 11*5 can be directly written as follows: 
X)q; d9(X) il*5 Wý03(XI, 3 (B. 21) 
Substituting from equations (B. 14), (B. 16), (B. 19), (B. 20), and (B. 21) into equa- 
tion (B. 11), and using equation (2.44), gives: 
1 
motß (x )+ p* Pa*03 W, X) U3 (X) dF 
(X) 
2 ßy 
(x', x) uy (x) dIP (x) + 
ir 
w* X)P3(x)dr(x) =IWC,,, Y(XI, X)P-y(X)dr(X)+f a, 33(XII rr  
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+w 
, ß3(XliX)q3*df2(X) (4-4) 
Ir, 
a 
which is the bending stress resultant boundary integral equation. 
B. 3 The Shear Stress Resultant Integral Equation 
Equation (4.2) can be written in the following form: 
7 QO (XI) + 116 + 11 *8 + 119 + 120 (B. 22) 




This integral contains P3*,,., which is strongly singular. Using the first term of the 
Taylor series expansion of w., the following form can be written: 
Il*6 = liM P3*ßY(x', x)wy(x)aT(x) = lim P3*O-y (X/ , X) W-f 
(X) aT (X) 
E-0 r* 
ß-y (x x) [wy (x) - wy (x') ] aT (x) + 
l' M p3*, 
e 
+ WY (X') "M p3p-y (x/ 
5 x) dIP 
(x) (B. 23) 
E: -0 r, * 
In the above integrals, the second term on the RHS is zero in the limit e --+ 0. 
The first term forms a Cauchy principal value integral. Considering the relationships 
in equations (B. 1 - B. 3) and the limits in (B. 4), the jump terms that appear from 
the last term on the RHS can be written in the following form: 
Ir 
p. . 
D(l _ V)Ä2 
w, Y 
(X') lim 
30, y(X"x)dr(x) =- Wß(X') 
(B. 24) 
8 
Then the integral 11*6 can be written in the following form: 
(P. 
* (x' x)wy(x)aT(x) - 
D(I _ V)A2 
W, 6(X') (B. 25) Il*6 3,3-y 
r8 
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The integral 11*7 
This integral contains P3,. 3 -' In r 
* which is a hypersingular kernel of order 01 
(r2 
Using the first two terms of the Taylor series expansion Of W3 the following form can 
be written: 
, 17 "M P3ß3(3ý, X)W3(X)aT(X): --.: 
liM T(X) 




i X) W3 
(X) a 
m p +r ý03(X/jX)[W3(X)-W3(X1)-W3, cx(XI)(Xct(X)-Xa(X1»]dF(X) E-0 
Ir 
* c 
+ W3 (X/) lim 
r* 
ß3 




+ W3, a 
(X') liM Pý x) (x., (x) - x, (x'» aT (x) (B. 26) E-+O r* 
ß3(X 
c 
In the above integrals, the second term on the RHS is zero in the limit c -* 0. The 
first and third terms together form a Hadamard principal value integral. Considering 
the relationships in equations (B. 1 - B. 3) and the limits in (B. 4), the last term on 
the RHS leads to the following jump terms: 
W3, a(x 
f) l' M p3*ß, 3 
(X X) (Xcl (X) - xce (x'» aT (x) 
D(I - v)1\2 (B. 27) 
8 U3,0 
(X 
Now, the integral 11 an be written as follows: *7 C 
x)w, 3(x)aT(x) _ 
D(i - v)A' W3, ß(X1) (B. 28) 117 P3, ß3 W, 8 
The integral 11*8 
Similarly to the integral 11*4, the integral 11*8 contains W3* which is weakly singular. )3-t 
This integral will lead to no jump term and it exists in the limit. The integral 
11*8 
can be written directly as follows: 
JJ*8 = 
ir 
W3*ßy (x', x)py (x) aT (x) (B. 29) 
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The integral 11*9 
This integral contains W3*, 33 which is a strongly singular kernel. Using the first term 
of the Taylor series expansion of Q0 the following form can be written: 
R 





lx)no(x)[Qo(x) - Qo(xl)]aT(X) r E--+O r* 
33(X 
e 
QO (X') lim E--A ir * 1, x)no(x)aT(x) 
Wýß3(X (B-30) 
In the above integrals, the second term on the RHS is zero in the limit E)0. 
The first term on the RHS forms a Cauchy principal value integral. By considering 
the relationships in equations (B. 1 - B. 3) and the limits in (B. 4), the jump terms 
that appear from the last term on the RHS can be written in the following form: 
QO(xl) lim W*(xllx)no(x)aT(x) = 
Qß(X') (B. 31) 
E-0 4 
Then the integral 11*9 can be written in the following form: 
I*q = 
Qß(X, ) (B. 32) 1 
ir 
Wýß3(XI, X)P3(X)aT(X) +4 
The integral 12*0 
Same as 11*5, this integral is domain integral which contains weakly singular kernel, 
therefore this integral will lead to no jump term and it exists in the limit in normal 
sense, so that the integral 12*0 can be written as: 
w, * (X X) q3* d9 (X) (B-33) 
Substituting from equations (B. 25), (B. 28), (B. 29), (B. 32), and 
(B. 33) into equa- 
tion (B. 22), and using equation (2.45) gives: 
IQ, 
ß(XI)+fpý*(xllx)w, y(x)aT(x)+ 
P, *(X1, x)w3(x)aT(x) 
2 






w3*0,1 (X X) AY (X) aT (X) + W34 X)P3 (X) aT (X) 
rr 
ß3 (X 
+w* X)q*dQ(X) ý))33 (XI 3 
fc? 
which is the shear stress resultant boundary integral equation. 
(4-5) 
BA The Membrane Stress Resultant Integral Equations 
Equation (4.3) can be written in the following form: 
N, ß 
(xý) + 12*, = 12*2 - 12*3 + 12*4 +B [(l - v)k, ß + vbßkool W3 
(X') (B. 34) 
The boundary values of ui are assumed to be C1, O', (0 <a< 1) to allow for the 
Taylor series expansion for the integrands up to two terms. In the following, each 
of the integrals in equation (B. 34) will be expanded and considered individuallY. 
The integral 12*1 
This integral contains T,, *,, 3, y which 
is a hypersingular kernel of order 0(1/r2). Using 
the first two terms of the Taylor series expansion of u-, the following form can be 
written: 









(X', x) u 
* (X, X) [Uy (x) - u (X') - uYq (x') (xo (x) - xo 
(x'» ] dF (x) 
", ß, y lim T. 
U-ý (X') lim T*, p -f 
(De, x) aT (x) ir 
, ß,. y 
(x', x) (xo (x) - xo (x'» dI(x) 
(B. 35) 
u.. Y, 0 (X/) lim T* 
In the above integrals, the second term on the RES is zero 
in the limit e --ý 0. The 
first and third terms together form a Hadamard principal value 
integral. Considering 
the relationships in equations (13.1 - B. 3), the 
last term on the RHS leads to the 
following jump terms: 
U-y, O (X, ) lim T', *p, (X 




B(l + v)(1 - v) (Uß, 
ct 
(X, ) + ua, P (x 1)+ u- (x/ (B. 36) 16 Y, )bco) 
Now, the integral 12*1 can be written as follow: 
Ill ----z T*, ß (x', x) uy (x) aT (x) 
B(l + v)(1 - v) (uß, ck(xl) + Uckß(X/) + U-Y, 'Y(XI)6(kß) (B. 3 7) 16 
The integral 12*2 
The integral 12*2 contains U, *,, O,, which is strongly singular. Using the first term of 
the Taylor series expansion of N., O the following form can be written: 
, 2*2 ý 
"M U*, ß (x', x)t(x)d]P(x) = lim U*, ß, (x', x) ty (x) aT (x) + E-0 
+ lim U*, py (x', x) no (x) [Nýyo (x) - Njo (x') 
] dF (x) + 
+ NYO (X') lim U*3, y 
(x', x) no (x) aT (x) (B. 38) 
E-Oir 
In the above integrals, the second term on the RHS is zero in the limit as e -4 0. 
The first term on the RHS forms a Cauchy principal value integral. Considering 
the relationships in equations (B. 1 - B. 3), the last term on the RHS leads to the 
following jump terms: 
N, YO 
(X') lim U, *0, y 
(x', x) no (x) dF (x) 
=( 16 




N-y (x 1 )b", ß) (B. 39) 
Now, the integral 12*2 can be written as follows: 






[Nß (x') + NO (x') + 
(3 v 
16 
1) N-y(x')6ß) (B. 40) 
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The integral 12*3 
The integral 12*3 contains U, *,, Oy which is strongly singular. Using the first term of 
the Taylor series expansion of NyO the following form can be written: 
lýT U*, ß-, (x', x) B [k, -f + vb, -f k, ýo] w3 (x) ny (x) aT (x) E0 e--o 
jr-r, 
+r, * 
lim U*, ß(x, x)B[ky(1-v)+vbykoo]W3(x)n-, (x)aT(x)+ E-*O 
ir 
r, 
lim U*, ßy (x', x) B [ký (1 - v) + vby koo] n (x) [W3 (X) - W3 (x') ] aT (x) + 
W3 (X/) lim U*, 0-, (x, x) B [ky (1 - v) + vby kool n (x) aT (x) (B. 4 1) 
In the above integrals, the second term on the RHS is zero in the limit as c -+ 0. 
The first term on the RHS forms a Cauchy principal value integral. Considering 
the relationships in equations (B. 1 - B. 3), the last term on the RHS leads to the 
following jump terms: 
W3 W) lim U*, 0,. y 
(x', x) B [ky (1 - v) + vbj ko, ý] my (x) aT (x) (B. 42) 
( 
16 
B [2k,, ý3 (I - v) + 2vb, okoo] + 16 
Bb,, o (1 + v) kop 
) 
W3(XI) 
Now, the integral 12*3 can be written as follows: 
U, *,, O-, (x', x) B [k,,,, y 
(1 - v) + vb,,, -, koo] W3 (x) n., (x) aT (x) 
(B . 43) 1ý3 
jr 
+( 16 
B [2k, O (1 - v) + 2vb, okoo] + 16 
B6,, 3 (1 + v) koo 
) 
W3 (XI) 
The integral 12*4 
The integral 12*4 is domain integral which contain weakly singular kernel, therefore 
it will lead to no jump term and it exists in the 
limit in normal sense, so that the 
integral 12*4 can be directly written as follows: 
(B. 44) (X', X) qy tdQ(X) 
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Substituting from equations (B. 37), (B. 40), (B-43), and (B-44) into equation 
(B. 34), and using equation (2.46), gives: 
N, o T, *ß (x', x) u (x) aT (x) 
ir 
+ u. * (X 11 x)B [k, y (1 - v) + v6-fkoo] W3(x)ny(x)aT(x) 
(x', x) t (x) aT (x) + U, *0, y 
(x', X) q, *yd9 (X) 
r, 2 
1 [(1 - v)k,,, o + v6,,, Okoo] W3 (4.6) 2 
which is the membrane stress resultant boundary integral equation. 
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Appendix C 
Treatment of Singularities 
CA Bi-cubic Nonlinear Coordinate Tý-ansformation 
This coordinate transformation was developed by Telles[128]. Consider the integral 
J+l 
f (77) d77 (C. 1) 
in which f (77) is singular at a point 77'. Using a third-degree non-linear transforma- 
tion 
,q (-y) = a-Y3 + b- Y2 + c-ý +d (C. 2) 
such that the following requirement are met: 
d, q 177 0 
d-y 
d2 77 0 
d^ý2 
1 77 
,q (1) 1 
77(-') = -1 









Q 1+3 2 (C-4) 
where -y' is the value of -y which satisfiesq (, y ni; this parameter can be calculated 
by 
(C-5) 
where 77* = (, rll )2-1. Therefore, equation (C. 1) becomes 
1 +1 7/)3 + 7/ (Y) 2+31 32 f-(, 
Y/) 
2 d-ý (C-6) 1+3 1+3 2 
The above transformation can be used to calculate integral with a logaritmic 
singularity for any position of the singularity. Its main advantage is that since the 
Jacobian cancels the singularity, standard Gaussian quadrature can be employed 
without the need to separate the regular part from the singular term in the numerical 
evaluation of the integrals. 
C. 2 Singularity Substraction Method 
C. 2.1 Strongly singular integrals 
In the displacement boundary integral equations, Pý and To*,,, are strongly singular ij 
of 0(1/r) and in the traction boundary integral equations, pa, 33 7 P3)0-y I Wa, 3-y 11 "303 
and U, *, n are strongly singular. In order to solve equation (4.28), the value of fi'j 
has to be expressed. 
To find the value of fn (ý'), then consider the Taylor series expansion about the 13 
singular point ý' in the local coordinate system, as follows: 
./f1 -// f2 W++-V (6 ) 66 + 
2 
J(6) J(61) + JV / )66+ 
1 
jil (61) 662 + 
2 
xa xa(6, ) + xa(61)66 +1 X11 




xa Mi (o xia (C-8) 
where, x,, is the coordinate x,, at the nodal point i, M' are the geometric shape at 
functions. For isoparametric element used in this work, formulation for Al' is the 
same as the shape function for continuous element. The term denotes the partial 
derivatives of with respect to ý, i. e. 
a 
and 6ý Using equation aý (C. 7), the following expressions for quadratic elements can be written (Aliabadi et 
al. [6]): 
11 It 
r. =x cgl)6ý 
+ _X (ýI)g2 2' 
Vdo 
+ djbý + d2 6ý2 (C. 9) 
where 
do = XCA, )x"'(ý') 
di = xa(ý, 
)XCA') 
d2 =1XX, a 
(C-10) 
4 
The Jacobian J(ý) can be expressed as 
vx-l- -1cal(o X 10-1 (1 6) Vdo 
+ 2djbý + 4d2 g2 
The kernel P-Y*a 
Substituting the kernels P;, in equation (3.33), then fnyp, (ý) can be written as 
follows: 




[(4A(z) + 2zKl(z) ++r,,,, n., ) 
47r -djý6ý+-dW2 








Figure C-1: Vectors r and n in a boundary element. 
In the limit, as ý approaching ý', that is when r -+ 0, then 




as shown in Figure (C-1), and hence 
= -n2 
= ni 




Considering the limits in equations (B. 4) and (C. 14), substituting equations (C. 7) 
and (C. 11), then the value f2yý , at singular point ý' can be obtained as 
fnp(() =_ 
I)n(ý/) 
, ýCt 47r v) 
(r,,,, n., - r,., n, ) (C-15) 
The kernel P3*3 
Substituting the kernel P3*3 in equation (3-33), then can be written as follows: 
f np * /, ý)(pn(ý ý3 W Pý3(ý WO 
r, n (C - 16) 2-7r 16ý I Nýdo + dA + 
d242 
Considering the limit in equation (C. 14) and substituting equations (C. 7) and 
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(C-11), the value f3'3p(ý) at singular point ý' can be obtained as 
fT(e') 0 (C. 17 
The kernel T(')* Oa 
C, 
Substituting the kernels T(')* in equation (3-52), then fnt Oa 0( can be written as 
follows: 
t 







- v) bo,,, +2 (1 + v) ror,, ] 47r I 6ý I Vd-O + d, 
-6ý+ d2 6ý2 
+ (i - v) 
[nor,, 
- n,,, r, ol} (C - 
18) 
Again, by considering the limit in equation (C. 14) and substituting equations 
(C. 7) and (C. 11), the value fo',,, (ý) at singular point ý' can be obtained as 
C'(ý/) 
fnt v) (nor,,, - n, r, o) (C. 19) 0( 47r 
The kernelp. 03 
a, 33 
n 
03 W can be written as Substituting the kernels P* in equation (3.97), then f, "P 
follows: 
f nfp ý),, pn (0JW 
a', 33W 
Pý03(ý 
D(I - v)A 
2(Dn(ý)j(6) (6 
(2 A (z) +z Ki (z)) (r,, 3 n,,, + r,,, n, 3) 
47r 1661 Vý'do + dA + 
d2662 
-2(4A(z) + zK, (z))r,,, r,, ar,,, + 2A(z)6c,, 3r, n 
I (C. 20) 
Considering the limits in equations (B. 4) and (C. 14), then substituting equations 
(C. 7) and (C-11), the value Zn, %(ý) at singular point ý' can 







The kerneIP3,3-, 4 
Substituting the kernels P np 3 
, 3, y 
in equation (3.97), then can be written as 
follows: 
M np P* 
-1 30, y 
j 
l,, ), \2, j)n(ý)j(ý) (ý 
6ý2 
[(2A(z) + zKj (z)) (6, yor, n + r,. yno) 47r lbý I -V/do + djbý + d2 
+2A(z)n, yr,, 3 - 2(4A(z) + zK, (z))r,, yr, or, n] (C. 22) 
Considering the limits in equations (B-4) and (C. 14), then substituting equations 
(C. 7) and (C. 11), the value f3'O, '. Y(ý) at singular point 
ý' can be obtained as 
f np D(l _ 
), \2(Dn(ý/) 
n-, r, o ý, 3-y ý 47r 
The kernel W, *,,, y 
(C. 23) 
Substituting the kernels W,, *,, 3,, in equation (3.96), then can 
be written as 
follows: 
f nw(ý) = 0", 3-Y a. 
4p (ý) j 
47r jbýj do + djbý 
[(4A(z) + 2zKl(z) + V) + 
-2 (8A(z) + 2zKl(z) +1- 
+ (4A(z) +1+ v) 
(C. 24) 
Considering the limits in equations (B. 4) and (C. 14)' then substituting equations 
(C. 7) and (C. 11)7 the value at singular point 
ý' can be obtained as 
n W) 
v) (6,3-tr, a 
++2+ v) r, ar,, 37-, -t] 




The kerneIW3*,. 3 
Substituting the kernels W, * in equation (3.96), then can be written as 
follows: 
f nw w e)(1, n(e)j(e) (, 37 p3 3*, ß3(eii 
27r 1 be 1 %ldo + di be + d2 
Pe r'ß (C. 26) 
and by substituting equations (C. 7) and (C. 11), the value f, ', X. Y(ý) at singular point 




-r, o 27r 
The kernel U, *,,, 3, y 
(C. 27) 
Substituting the kernels U,, * in equation (3-99), then can be written as 
follows: 
nu U* j 
+ 6-,, 3r,,,, 
47r 1661 VFdo + d, 66 + d2662 
+2 (1 + v) (C. 28) 
and by substituting equations (C-7) and (C. 11), the value at singular point 
ý' can be obtained as 
fcn 
Dn (ýf 
(ý/) =--- [(I - v) 
(6-yar"8 ++2 (1 + v) (C. 29) 
ck; y 41r 
C. 2.2 Hypersingular integrals 
P* and T(')* are hypersingular. In traction boundary integral equations, Pc*,, 3, y) 3,33, 
are The T(')* is hypersingular integrals of order 0 and the 
P, *,, Oy and P3,33 O-y r2 
1 
hypersingular integrals of order 0( 72- + In (r) 
) 
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To be able to solve equation (4.32), the value of gn gn., a, 3, 
(1) and , 
'(1) have to be 
expressed, and to solve equation (4.35), the value of gn., (1), gn,; aa (1) and 
43, 
also have to be expressed. 
The kernel T(')* a)3-f 
Using Taylor series expansion about the singular point ý' in the local coordinate 
system, as defined in equations (C. 7 - C. 9), and substituting the kernels T('). in QO-Y 
equation (3.100), then g't,, (ý) can be written as follows: QO 





B (1 _ .) 4p(ý)j(ý) (ý _ ý1)2 
x 




- v) +v 
(6. 





(1 + v) r,, r,, 3r, -, 
] 
+2v (ncer, pr,, ý + n, 3r,,, r,.., 
) + (1 - v) (2n., r,,, r,, 3 + nob,,, + ncboy) 
- (I - 3v) nyb,, Ol (C-30) 
By considering the limit in equation (C. 14) and substituting equations (C-7) and 
(C. 11), the value gnt,, (ý) at singular point ý' can be obtained as ao 
nt B (I _) q)n (ý/) f2v (n,, r, or,. -, + nor,,, r,, y) ga, 37 W) 41rJ(ý') 
+- v) (2n,, r,, r,, 3 + nob,,. y + n,, 
60-, ) 
- (I - 3v) 
O, y 
(ý')can be obtained as and the derivatives of g,,, t 
nt gao-Y, 
W) 
d [,, pn (ý')] B (1 V) 12v (n,, r,, 3r,. y + nor,, r, 7) 
dý 47rJ(ý') 
+ (i - v) 
(2nyr, 
ar,, 3 
++n,, 6,3, ) 




The hypersingular of order 0 
(r 
2+ In (r)) can be treated by separating the term 
of the kernel which contain 1/r2 and In (ý - ý'). 
Substituting the expansion of modified Bessel functions for small arguments in 
equations (3-35 - 3.36), functions A (z) ,B 
(z) 
, zKj (z) and z 
2Ko (z) can be ex- 
panded as follows: 
Ko (z) +2 Ki (z) 
z 











In(z)] +0 (Z5) + 
421! 2! 
+ 
Z2 I-1-1 In(z) +0( 
4) 
- -2 +-z+ 
2422822] 




+0 (Z4) + 
zf /- 
ln(z)] ++ ln(z)] 
22 (1! )2 
(Z2 /4) 1/2 










Z+0 (Z4) + 
In(-z) +-2 
221444 16 4 
1- [--y 
+1- In(z )l 
Lz2-, /, 4j)! 1/2 +0(, 3)+ ***l 
ZKJ (Z) ZZ22o! l! 
z2 1 In(z) +0 (z 4) + +2 
2K0 (Z) = Z2 
ý [-, 
y - In(ý2 +0 
(Z2) + '**»l Z 2)1 
Z2 
[-, 
y - ln(z)1 





Using relationship for z= Ar and substituting equation (C. 9), the term ln(z/2) 
can be expanded as 
z In( 
2 
In (A) + In 16ý1 + In 
(CdO 
+ djbý + d2 6ý2) - In (2) (C. 37) 
The kernel P, *,., 
Substituting equations (C. 33 - C. 37) into the kernel P, * ,, 3,, 
in equation (3-97), and 
separating singular and regular terms) then P,, *, 3,, can be rewritten as 
P* p*I 










+1 Z2 In 16ý1 -1+ 3v bc,, 3n-y 
(-2 
+2v [(ncr,, 3 + n, 3r,, ) r,. y ++6, y)3r,,, 
) r, n) 
+2 (1 - v) + nyr,, r,, 3) 
-4 (2 + 2v) rar,, 3r, -yr, n + 
[PoOy (ýI, ý )l 
regular 
(C. 38) 
Separating the part of the kernels P,, * 2 , O-f 
(ý', ý) which contain I/r , and multiplied 




np (ý/, ý),, Dn (ý) j (ý) (ý ý/) 2 gao-Y W= PC*101 
D(l _ V), CDn(ý)j(ý) (ý _ ý/)2 
x 




ycn, 3 + 
6. 
y, 3n,, 
) + (-I + 3v) 6,, an,, 
+2v [(n, r, o + n, 3r,,, ) r, -, + 
(b.,,, r,, 3 + 6-t, 3r, o, 
) r, n] 
+2 (1 - V) 
(6c,, 3r,, y? ', n + n-, r,,, r,, 3) -4 
(2 + 2v) r, cr, or,, yr, n 
ý1)2 Ip * Olt regular 
(C-39) 
By considering the limit in equation (C. 14) and substituting equations 
(C. 7) and 
,,,, 
(6)at singular point 6' can be obtained as (C. 11), the value g, 'P ao 
np 
D(l _ V), Cpn(ý, 
) 
I (i - v) 
(b.,, n, 3 + 6,,, 3n,, 
) + (- 1+ 3v) 6,, 3 
9c"3-Y 47rJ(ý') 
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+2v (n,, r,, 3 + n, 3r,,, ) r,, y +2 (1 - v) n,, r,,, r, o I (C-40) 
and the derivatives of 'P g,,, 3, 




np W) 3-Y 
dý 
d [, (Dn W)] D(l - v) 
+ (-1 + 3v) 6,371-, dý 47rJ(ý7-) 
+2v (n,,, r, o + n, 8r,, ) r,,, +2 (1 - v) n,, r,, r, ol (C. 4 1) 
Now, separating the part of the kernels P* /, ý) which contain lnjbýj, and a, 3-y 
(ý 






D(l - V), \2(Dn(ý)j(ý) 
(C. 42) 
47rZ2 In 1ý - ý'j 
x 
(2 
Z2 In Ibel 
) 
(b. no + 6. yon - Ö, 3n) 
and the value h,,, P, 3^( (ý)at singular point ý' can be obtained as 
hn, p, 
D(l _ . ), \2(pn(ý, )j(ý, ) (b.. 
y,, no + 
6,, On,, - 





* in equation (3.97), and Substituting equations (C-33 - C-37) into the kernel P3,33 
* can be rewritten as separating singular and regular terms, thenP3,33 
Pý03 W [Pý*, 33W)Olsingular + 
[Pý)33W) ý)] 
regular 
D(I - V)A 
2 1Z2 
In 16ý1 +1 no - 2r, or,,, (C. 44) 47rr2 
[(-2 
+ [Pý*, 33 
W ý) I 
regular 
Separating the part of the kernels P, *,,, 3,, W, 0 which contain Ift 
2, and multiplied 
it with (Dn 
(6) j (6) (6 _ 61) 
2, 
gives 




D(I _ V)A2,1)n(ý)j(ý) (ý _ 02 
47r 16ý12 (do-+; -dj6ý + d2 6ý2 
[n, 3 - 2rO'r, n) 
ý1)2 [P* (C-4-5) 3,33 
W 
regular 
By considering the limit in equation (C. 14) and substituting equations (C. 7) and 
(C. 11), the value n 93)P33 (ý) at singular point ý' can be obtained as 
np D(I _ V)A2 4Dn 
(ý/) 
93,33 
47U(ý') - n, 3 (C-46) 
and the derivatives 'p (ý')can be obtained as of 9303 
d [gnp 
np 3-y 93,33 W) 
dý 
d [, I)n (01 D(l 
(C-47) dý 47rJ(6) 
Now, separating the part of the kernels P3,3W, 0 which contain In 16ý1, and 
4 




D(l _ V), \4(Dn Z2 In jbýj np (C. 48) 
47rZ2 In Iý- ý'j 
(-2 
and the value h,, P, (ý)at singular point ý' can be obtained as QO-Y 
h np 
D(I V)A4(pn(ý/)j(ý/) 
no (C. 49) 3,33 
W) ýý: 87r 
In the case of the off-diagonal sub-matrices the shape function 4)i(ýnode) =0 
for 
node 7ý 6 /, and the order of singularity decreases by one. 
The strongly singular inte- 
grals become smooth whereas the hypersingular integrals 
become strongly singular 
integrals. 
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C. 3 Analytical Integration of Membrane Fundamental 
Solutions 
In a flat element, coordinate of middle node in the element can be defined from 
coordinates of the other nodes in the element, that is 
a 
(x' xa (C-50) 
By using equations (C. 10 - C. 11), the Jacobian of the coordinate transformation 
is found to be constant, i. e. 
(C. 51) 
where 1 is the element length. For such element, the singular integrals contain 
T* U* T(')* kernels can be integrated analytically. OQ 7 ao-Y a, 3-Y 
The integral in equation (3.57) is represented by 
* (i) 1 Tý (x 
, x) u, 
(x) dIP (x) . U, 
+11 Ir 
e 
7n11 T, *( (eýX(e»'1)'rn(e)Jn(e)(k (C. 52) 
Substituting equation (C. 51)and T*(') in equation (3.52), and considering the OCf 
limits in equation (C. 13), gives 




For discontinuous element with the nodes are located at ý=-2 the 3107+32, 
integrals in equation (C. 53) are integrated analytically to give 
2) 
In (C. 54) 
f +1 2 dý =1[ 
(3ý' - 2) (36' + 2) In 96/ (C-55) 




ý' (36' + 2) In 
+,, 




The integral in equation (4.9) is represented by 
To ') * (x' , x) u-, (x) aT (x) -.::: um ly -f 
') (e', x (0) ID' (e) J (e) de r', aý 1 
(C. 57) 
Substituting equation (C-51) and T(')* in equation (3.100), and considering the ap, 
limits in equation (C. 13), gives 
(1 
_ V2 )2 
47r 
+nj (2n2 + 1) 2 




-n2 (-2n2 2+ 
-n2 (-2n2 1 
+nj (-2n2 + 2 





, (e _ ei)2 
(C-58) 
For discontinuous element with the nodes are located at -2,0, +2. the 3 3, 
integrals in equation (C. 58) are integrated analytically to give 
'D'(ý) dý =3 (3ý/ - 1) In +6 
2ý' 3 
(C-59) I- 









1) In +6+ 
2ý' 3 (C. 61) 
4 1+6/ (61) 2_11 




Figure C-2: (a) Transformation of triangle to square ; (b) 
Subdivision of quadrilat- 





Figure C-3: Systematic use of transformation of variable technique. 
+ 
The procedure for the triangle to square transformation follows Aliabadi and 
Rooke [8]. This procedure is used to cancel weak singularity in an integral over the 
domain. Consider a triangular element, shown in the Figure C-2(a), which has a 
singularity at = (-1, -1) in the local plane. The singular integral is 
transformed in the following manner, 
&7dý 




where u and 77 =1 Kl + U) v u)]. The Jacobian of this transformation 2 
jc = .1 (1 + ý) exactly cancel out the singularity 
[8]. 
2 
For constant cell element, where the singular point is at the centre of the quadri- 
lateral element, as shown in Figure C-2(b), the element is divided into four triangular 
0 element and each triangular element is transformed to square, as shown 
in Figure 
C-3. The transformation are 
triangle I 1(1+ul) and (I+ul)vl; 22 
triangle 11 
1 (1 + V2) U2 and 71 =1 (1 + V2); 22 
triangle III I (U3 and q=1 (1 - U3) V3; 22 




jc (ul) 1 (1 + ul) 4 
Jc 1 (1 + V2) 4 
Jc (U3) I (I - U3) 4 
Jc (V4) 1 (1 - V4) 4 
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m 77) j 71) M 71) J (ý, 77) JC (Ul) dqdý du, dL, l + RR 
M 77) J 77) JC (V2) 
R 
dU2dV2 + 












Particular solutions needed for dual reciprocity technique in chapter 3 and chapter 4 
are derived by Wen, Aliabadi and Young [140] and are given in the following sections. 
D. 1 Particular solutions for two-dimensional plane stress 
An expression displacement particular solution Q, can be found in polar coordi- M 
nates with the use of the Galerkin vector G, O as 
fi-Y , 
(r) = G'^, ', ,, Yy 
(r) -I+ m2 
where G,,, 3 satifies 
17 4Gyc, +2_x., ,0=: 0 (D. 2) 
,3 (1 - v)B r 'y 
and a solution is determined by 
Gp'a =-r3 
X^f 6Q, 3 (D-3) 
45 (1 - v) B 
Substituting equation (D. 3) into equation (D. 1), then the 
displacement particular 
solutions can be arranged as 
2 
-- 
ýxl [ +v L3 1 1 + 3x, r)] Tl -v) B 3 30 r 
(X2 + V) 1 X2 + X2r (D. 4) 
m2 - 15(l - v)B r 
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and using strain displacement relationships in equation (2.60), the strain are ob- 
tained as 













30 - 0 + + 3r)] r 
ýl 
2 [XlX2 +v JX2 X3 
m12 (1 - V) 6r 30 
+ 
0r 




+ 2r) m22 v) 30 r3 
(D. 5) 
The particular solution for membrane stress resultant can be derived by substi- 
tuting equation (D. 5) into the stress result ant-strain relationships in equation (2.64) 
to give: 
^1 N, ýjj =B [(I - v)ý' + výl mm 
9= B(l - v)ý' 
112 
m12 
11 (D-6) 9122 =B 
[(l 
- lj)ýM22 + ""ýMcial 
and the traction particular solutions are obtained from 
t ̂1 (D. 7) ma 
In the same way, displacement particular solutions fL2 :, can 
be obtained as fol- M 
lows: 
(i + 2X, 2 
(X2 
+ xjr 
15(1 ý OB r 
f12 
2 rX2 +v (D. 8) 
( L2 
+ 3X2r) 
m2 - v)B 
[3 
-ýo r 
and the strains are 
22 
2+v2 




2 Xl X2 +v 
(_ ý2X1 
+ 
! Xl X2 
E2 








+ 3r) (D. 9) E2 3r 
m22 V) r3 
-30- r 
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The particular solution for membrane stress resultant are 
v)ýmljj + výmlcfcj 
N2- B(I _ V)ý2 , rnl2 m12 
B V)ý2 + Vý2 ac, 22 m22 mI 
and finally the traction particular solutions are obtained from 
L t -2 ma 
D. 2 Particular solutions for plate bending 
(D. iO) 
(nil) 
Governing equation for shear deformable plate bending problem can be written as 
Vv = Heýp (D. 12) 
where particular solutions of displacement * =-- l7bl i 7-b2 7 1ý3 
IT, e= lei, e2, e3 IT iS 
arbitrary constant vector and components of matrix H are 
H,, 3 = 26,,,, 3 V4 _[(l + V) 72 +(l _ V), \2)] 
a2 
ax"19X, 3 




H33 : -- (V 
2-A2 )[2 V2 _(, _ V)A2]/A2 (D. 13) 
The function ýo can be defined from equation (D. 12) such that 
D(l _ V)(72 _ A2) 74 ýo + F(r) =0 (D. 14) 
If el = 0, e2 -0 and e3 = 1, the particular solution used 
in equation (3.83) can be 
written as 1 av) 
D i9x,, 
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Ibm3 ý1 7ýT-t2 [2 N72 (D. 1-5) (1 - v)DA 
where 
+F(r) =0 (D. 16) 
The particular solutions of moment and shear force can be determined from equa- 
tions (2.44 - 2.45). The tractions on the boundary can be obtained by 
Mc,, 3n, 3, Pm3= Qc,, nc, (D. 17) 
If radial basis function F(r) =1+r, The function O(r) can be solved from equation 
(D. 16) 
r4 r5 
64 + 225) 
(D. 18) 




mi 16 45 D 
, b3 ---: 
I+r) X2r2 (D. 19) 
m2 --- -( 16 45 D 
tb3 
1+ 2r) r2 ++ 
m3 9 V), \2 
(2 
D 64 225 D 
The particular solutions of moments 1ý(, O and shear forces 
ý, 3 can be determined 
1- -- Dy equations (2.44 - 2.45) to give 
r2 
ü3 (X2 + VX2) ++ V) 
8 15 
(16 








+ (IIX2 + X2) V) -+- 
n22 -I-12++ 
(16 
45 8 15 
ým1 + 
Ir) 





and the tractions on the boundary can be obtained from relationships in equation 
(D. 17). 
For the derivative of function F, = x,, /r, the solution V)'(r) can be found 
r3X,, 
(D. 45 
and particular solutions tbI are mk 







Ibl -[30 - 
(1 _ V), \2 r 
2j rxl 
m3 45(l _ V), \2 D 
and the particular solutions of moments M,,, p and shear forces Q0 are 
Üým'll = - 
X' [v 2 (1ý1 











X' [v (111 
+ 3r) + 
(121 
+ r) (D. 23) 15 rr 
011 
(X2 




1 XlX2 ým2 
-- 3r 




, b2 = -(3x 
2+r 2) r (D. 24) 
rnl 2 45D 
tb2 [30 - v) 
A2r 2] - 
rX2 
m3 T5-( I- V)A2D 
and the particular solutions of moments 
Mao and shear forces Q0 are 
22 














[v (++ (E2 
+ 3r) (D. 25) 15 rr 
ý2 1 -"C 1 --"2 
ml -- 3r 





Decompositions for the J 
Integral Technique 
The decomposition of the elastic fields are as follows: 
ms 01 MI+M'l 11 MAS 11 
01 
- Ivi, 
S M12 M12 m1,2 2S 1 




A 2 1,2 S 1 M22 - m22 2 
Qs 1 Qi+Qi QAS 1 Qi-Qi 
Qs 2 Q2 - Q' 2 
QAS 2 Q2 + Q'2 
Nlsl Nil + Nil 11 
AS 




N22 + N212 =1 1 
(E. 2) NA N22 -N 22S 2 212 
N1S2 N12 - N12 
NAS 1 1 
N12 + N12 
2S 
and 
s Wl -W wsW, +wl wi 1 11fsw 
wl (E. 3) s W2 - W2 W2 2+2 W2 2 



















Figure F, 1: Symmetric and anti-symmetric moment and shear force stress resultants 
at two points located symmetrically relative to the crack axis. 
ý X3 X3 
X2 
W3 AX2 W3 
W2 W2 
w W3' 
w(_ W, 2; 
xi X, 
Figure E-2: Symmetric and anti-symmetric rotations and out-of-plane displacement 








Figure E-3: Symmetric and anti-symmetric in-plane stress resultants at two points 




Figure E-4: Symmetric and anti-symmetric in-plane displacements at two points 
located symmetrically to the crack axis. 
S UAS Ul Ul + Ul 
11=1 
Ul -Ul (E. 4) 
S AS 21 U2 U2 - U/2 U2 
I 
U2 + U2 
as shown in Figure E-1-E-4 where All,,,, 3, Q', N!. 
& uý and AI, )3, QQ, iVjj, wi. ui a 13' 2,1 
represent the elastic field at symmetric points 
PI (XI, -X2) and P (X1 , X2), as repre- 
sented in Figure 5-5. Equations 
(E. 1 - E. 4) lead to the 
following decomposition of 
the elastic field 
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u< 
M MS + MAS Q, 3 a'a 
Qcf QS + QAS aa 
Nc,, e Ns +N AS (E-5) ci, 3 QO 
and 
wi = Wý + WAS II 
uc, =uS +u 




This appendix describes a software developed for the dual boundary element analysis 
of linear elastic fracture mechanics fatigue crack-growth problems for plates and 
shallow shells. This software is an extension of the software developed for tNvo- 
dimensional dual boundary element analysis and static analysis of shear deformable 
plate bending developed previously. 
This software can be used in the following type of application problems: 
Boundary element stress analysis of non-cracked structures. 
e Dual boundary element fracture mechanics analysis of structures. 
o Dual boundary element incremental analysis of fatigue crack growth of struc- 
tures. 
F. 1 Software Organisation 
Plate Bending 
The plate bending software contains the following program modules: 
BEGENP - This program performs the 
boundary element mesh generation -with 
quadratic continuous elements. 
CRACKERP - This is the main program of the software package. 





















Figure F-1: Organisation of the code for DBEM analysis of plate bending. 
* Boundary element analysis of shear deformable plate bending problems with 
isotropic material properties in arbitrary cracked or non-cracked homogeneous 
domains with quadratic boundary elements. 
* Computation of boundary tractions; computation of displacements, stress re- 
sultants at boundary and internal points. 
* Analysis of multi-boundary domains with an arbitrary geometry and general 
loadings. 
* Single-region analysis of cracked domains in which the cracks are assumed as 
traction free. 
Automatic generation of quadratic discontinuous elements along both of the 
crack boundaries which can be defined by an arbitrary piece-wise straight 
geometry. 
9 Computation of the stress intensity 
factors by the decomposition technique of 








Organisation of the code for plate bending can be seen in Figure 
F. 1.2 Shallow shells 
The shallow shells software contains the following program modules: 
BEGENS - This program performs the boundary element mesh generation with 
quadratic continuous elements. 
CRACKERS - This is the main program of the software package. It has the 
following capabilities: 
Boundary element analysis of two-dimensional elastostatic plane-stress and 
plane-strain, shear deformable shallow shells, and plates loaded by combined 
bending and tension problems with isotropic material properties in arbitrary 
cracked or non-cracked homogeneous domains with quadratic boundary ele- 
ments. 
e Computation of boundary tractions; computation of displacements, stress re- 
sultants at boundary and internal points. 
e Computation of boundary tractions; computation of displacements, stresses, 
principal stresses, octahedral shear stresses and strain energy density at bound- 
ary and internal points. (for two-dimensional analysis) 
* Analysis of multi-boundary domains with an arbitrary geometry and general 
loadings. 
* Single-region analysis of cracked domains in which the cracks are assumed as 
traction free. 
e Automatic generation of quadratic discontinuous elements along both of the 
crack boundaries which can be defined by an arbitrary piece-wise straight 
geometry. 
e Computation of the stress intensity factors 
by the decomposition technique of 
the J-integral or Crack surface displacements extrapolation. 








SUBROUTINE - SUBROUTINE DualRecs. for 
Beanals. for Systeqs. for 
























Figure F-2: Organisation of the code for DBEM analysis of shallow shells and plate 
subjected to combine bending and tension loads. 
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* Multiple crack growth analysis. 
9 Incremental evaluation of the fatigue life. 
Organisation of the code for shallow shells, and plate bending and tension can 
be seen in Figure F-2. 
The software package is written in FORTRAN and operates without modifica- 
tions on the IBM/PC or compatible machines, the SUN 
workstation and the IBM3090 supercomputer. 
F. 2 BEGENP and BEGENS 
This program performs the generation of the boundary element mesh with continu- 
ous quadratic elements. The program assumes the input data organised in six main 
sets, and proceeds as follows: 
1. General Section 
It contains the title of the problem under analysis, the elastic case CASE(two- 
dimensional plane stress, plane strain, plate bending or shell), the elastic constants 
E and RNU, plate thickness TH (for plate and shell analysis), curvature K_11 and 
K_22 (for plate bending and tension (kjj = k22 = 0.0), and shallow shell analysis 
only), the total number of nodes NNOD, the total number of elements NNEL, the 
total number of domain points NPTD and the order of Gauss quadrature INGAUS 
used for numerical integration. After reading this set of data and performing some 
checks on dimensions, the program generates the abscissae and weights 
for numerical 
integration through the subroutines NUMINT and GAULEG. 
2. Plate/ Shell/ Sheet geometry 
It contains the geometric data organized sequentially 
in the following subsets: 
BP - Geometric points referred 
to by the respective point nunaber _N' and its 
cartesian coordinates X and Y. 
DP - Domain points required 
by Dual Reciprocity Technique (for shallow shell 
analysis only) referred to by the respective point number 
N and its cartesian coor- 
dinates X and Y. 
BL and BC - Geometric segments organized 
by lines BL and circular arcs BC. 
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The line and arc-segments can be read in any order, after the points BP and before 
the zones BZ. 
BZ - Geometric boundary zones referred to by a boundary zone number IZ. '. \, 
the total number of segments in the zone and the ordered listing of the segment 
numbers in the zone. The program assumes that each zone is closed. 
3. Internal Points and Boundary conditions 
It contains the remaining data organized in the following subsets: 
IPT - Internal points referred to by the respective point number N and its carte- 
sian coordinates X and Y. 
DBC- Displacement boundary conditions sequentially organized in the following 
subsets: 
e NDBCI - Element constraint. Specifies a uniform displacement DISP in the 
direction IDIR along the element IELEM. 
o NDBC2 - Local node constraint. Specifies the displacement DISP in the di- 
rection IDIR at the local node NODE of the element IELEM. 
* NDBC3 - Global node constraint. Specifies the displacement IDISP in the 
direction IDIR at the global node NODE. 
TBC - Traction boundary conditions sequentially organized in the following sub- 
sets: 
e NTBCI - Element traction. Specifies a uniform traction TRAC in the 
direction 
IDIR along the element IELEM. 
e NTBC2 - Local node traction. Specifies the traction 
TRAC in the direction 
1DIR at the local node NODE of the element IELEM. 
e NTBC3 - Global node traction. Specifies the traction 
TRAC in the direction 
IDIR at the global node NODE. 
4. Crack propagation data 
CRP - Crack propagation 
data sequentially organized as: the total number of 
crack-extension increments NCRI; the number of times 
the crack-extension incre- 
ment is greater than the crack-tip element 
ADV; Paris parameters PPC and PPN; 
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load ratio (min/max) SRAT; contribution factor in Kff calculation (plate bending 
and tension, and shallow shell only) BFACT, the number of crack-extension incre- 
ments between each output and logical STRAIGHT and SAMESIZE. If STRAIGHT 
is TRUE., then the cracks will grow in a straight line, otherwise the crack growth 
direction will be determined by the program. If SAMESIZE is TRUE. then all 
cracks will grow the same increment size, otherwise the relative growth rates will be 
determined by the program 
5. Uniform Load data (Plates and Shells only) 
It contains the value of uniform domain load ALOAD. 
6. Termination label 
It contains the termination label END. 
The output files of this program are formatted to be used as input to the modules 
CRACKERP or CRACKERS. 
F. 3 CRACKERP and CRACKERS 
The module CRACKERP is constituted by the main program and 62 subroutines, 
and CRACKERS is constituted by the main program and 95 subroutines from which 
the most important are described in the subsections presented bellow. 
F. 3.1 MAIN PROGRAM 
The main program of this module controls the overall flow of the analysis. 
F. 3.2 DINPUTP/ DINPUTS 
This subroutine inputs the data. 
F. 3.3 CRACKSP/ FCMESH 
By using the geometric mesh, this subroutine sets up the 
functional mesh. The crack 
boundaries are discretised by discontinuous elements 
in such a 'xav that each node 
of one of the crack boundaries is coincident with a node on 
the opposite boundary. 
Continuous elements are used along the remaining 
boundaries, except at the corner 
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and at the intersection between a crack and an edge, where semi-discontinuous 
elements are used. 
F-3.4 BEANALP/ BEANALS 
This subroutine performs an incremental boundary element analysis. The system 
matrices are computed only for the new boundary elements introduced along the 
current crack-extension increment. This corresponds to add new rows and columns 
to the system matrices between the orders NEQO and NEQN. For the first boundary 
element analysis or for stress analysis of non-cracked structures, this subroutine is 
called with NEQO=l. 
F. 3.5 ARRAYS 
This subroutine extracts the element arrays from the global ones. 
F. 3-6 SHAPES, SHAPESP, SHAPEST 
This subroutine evaluates the shape functions and their derivatives for continuous 
elements, discontinuous elements with 
nodes at H= + 2/3 in which H is the local coordinate, semi-discontinuous el- 
ements with nodes at H= - 2/3,0, +1 and H= l-, O, + 2/3 and special crack tip 
element. 
F-3.7 JACOBI 
This subroutine evaluates the Jacobian of the transformation of coordinates, from 
the global system to the local one, and the unit 
outward normal. 
F. 3.8 SYSTEQP/ SYSTEQS 
This subroutine incrementally forms the system of equations 
between the orders 
NEQO and NEQN. The computations are carried out 
column-wise with the integation element 
loop outside of the nodal collocation 
loop. This procedure minimizes the processing time, since 
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the element computations that do not depend on the collocation point are per- 
formed once and for all by the subroutine FASTER, before 
entering the collocation loop. Moreover, the computation of the integrals that 
contain the displacement fundamental solution are skipped, 
for traction-free elements. 
F. 3.9 DUALREC 
This subroutine performs domain integrals evaluation by dual reciprocity technique. 
It forms the radial basis function F matrices and its invers F-1, and compute par- 
ticular solutions. 
F-3-10 ELEMATP/ ELEMATS 
This subroutine performs the element integrations as follows: 
For an element that contains the collocation node (self-point element), the sub- 
routine SCRACKP/ SCRACKS is called to carry out the singular integral using 
singularity substraction technique or analytic integration of both the H and the G 
element matrices, whenever the element is on a crack boundary. For a self-point 
element on a non-crack boundary, the integral of the displacement fundamental so- 
lution is weakly singular at the collocation node and therefore, a regularization with 
the bi-cubic coordinate transformation is carried out. The terms of the H-matrix of 
non-crack elements are computed indirectly using the rigid body condition. 
All the remaining element integrations are carried out in this subroutine by stan- 
dard Gauss quadrature. Sub-element integration is used whenever the collocation 
node and the integration element are too close. 
F. 3.11 SOLVER 
This subroutine solves a system of equations. It performs an 
incremental LU- 




This subroutine compute the stress intensity factors using crack surface displace- 
ments extrapolation technique. 
F. 3.13 JINTGR 
This subroutine applies the decomposition technique of the J-integral along a circular 
contour path to compute the stress intensity 
factors. 
F. 3.14 DIRTAN 
This subroutine computes the direction of the tangent to the crack-path through 
the subroutine MXPRST which applies the maximum principal stress criterion. It 
computes also the mode I equivalent stress intensity factor and the residual strength. 
F. 3.15 GROWTH 
This subroutine advances the crack-tip by one crack-extension increment, along the 
direction of the tangent to the crack-path. The crack-extension is discretized with 
NELINC new discontinuous boundary elements that are assumed as traction-free. It 
calls the subroutine CRKROT to update both the geometry and the functional defi- 
nitions. The first and the last of the new equations NEQO and NEQN, respectively, 
are computed in this subroutine. 
F-3.16 FATIGUES 
This subroutine is used for multiple crack growth analysis. It computes the number 
of cycles necessary to grow an arbitrary crack-extension increment size (Aao) for 
every crack tip, and then computes the crack-extension increment sizes of the every 
cracks. 
318 
E V"OIL f--
